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5.1 Introduction

In the preceding three chapters much of the available theory on gaseous nebulae has
been discussed, so that we are now in a position to compare it with the available
observations. The temperature in a nebula may be determined from measurements of
ratios of intensities of particular pairs of emission lines—those emitted by a single
ion from two levels with considerably different excitation energies. Although the
relative strengths of H recombination lines vary only extremely weakly with 7,
the ratio of the intensity of a line to the intensity of the recombination continuum
varies more rapidly and can be used to measure 7. Further information on the
temperature may be derived from radio observations, combining long- and short-
wavelength continuum observations (large and small optical depths, respectively)
or long-wavelength continuum and optical-line observations. The electron density
in a nebula may be determined from measured intensity ratios of other pairs of
lines—those emitted by a single ion from two levels with nearly the same energy but
with different radiative-transition probabilities. Likewise, measurements of relative
strengths of the radio recombination lines give information on both the density and
the temperature in nebulae. These methods, as well as the resulting information on
the physical parameters of characteristic nebulae, are discussed in the first sections
of this chapter.

In addition, information on the involved stars that provide the ionizing photons
may be derived from nebular observations. For, if a nebula is optically thick to a
particular type of ionizing radiation (for instance, in the H Lyman continuum), then
the total number of photons of this type emitted by the star can be determined from the
properties of the nebula. By combining these nebular observations, which basically
measure the far-ultraviolet-ionizing radiation from the involved stars, with optical
measurements of the same stars, a long base-line color index that gives information
on the temperature of the stars can be determined. This scheme and the information

The He I collision strengths listed in Table 4.13 are from
Bray, L, Burgess, A., Fursa, D. V., & Tully, J. A. 2000, A&AS, 146, 481.
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derived from it, about main sequence O stars and about planetary-nebula central stars,
are discussed in Section 5.10.

Once the temperature and density in a nebula are known, it is fairly clear that
the observed strength of a line gives information on the total number of ions in the
nebula responsible for the emission of that line. Thus information is derived on the
abundances of the elements in H I regions and planetary nebulae.

Each of the next ten sections of this chapter discusses a particular kind of
observational analysis or diagnostic measurement of a nebula. Each method gives
some specific detailed information, integrated through whatever structure there may
be along the line of sight through the nebula, and also over whatever area of the
nebula is covered by the analyzing device used for the observations, such as the
spectrograph slit or the radio-telescope beam pattern. A more detailed comparison, in
integrated form, may be made by calculating models of nebulae intended to represent
their entire structure and comparing the properties of these models with observations.
A discussion of these types of models, and of the progress that has been made with
them, closes the chapter.

5.2 Temperature Measurements from Emission Lines

A few ions, of which [O III} and [N H] are the best examples, have energy-level
structures that result in emission lines from two different upper levels with consid-
erably different excitation energies occurring in the observable wavelength region.
The energy-level diagrams of these two ions are shown in Figure 3.1, where it can be
seen that, for instance, [O III] A4363 occurs from the upper 1§ level, while 14959 and
15007 occur from the intermediate ! D level. (2 Py—'D, 14931, which can occur only
by an electric—quadruple transition, has much smaller transition probability and is so
weak that it can be ignored.) It is clear that the relative rates of excitation to the s
and 'D levels depend very strongly on T, so the relative strength of the lines emitted
by these levels may be used to measure electron temperature.

An exact solution for the populations of the various levels, and for the relative
strengths of the lines emitted by them, may be carried out along the lines of the discus-
sion in Section 3.5. However, it is simpler and more instructive to proceed by direct
physical reasoning. In the low-density limit (collisional deexcitations negligible), ev-
ery excitation to the ! D level results in emission of a photon either in 25007 or 14959,
with relative probabilities given by the ratio of the two transition probabilities, which
is very close to 3 to 1. Every excitation of 15 is followed by emission of a photon
in either A4363 or A2321, with the relative probabilities again given by the transition
probabilities. Each emission of a A4363 photon further results in the population of 1D,
which again is followed by emission of either a A4959 photon or a A5007 photon; but
this contribution is small in comparison with the direct excitation of ! D and can be
neglected. Thus the ratio of emission-line strengths in the low-density limit is given
simply by
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Jr4959 + Jrs007

Jra363 5.0)
YEP,'D) TA(S,'D) + A(S,2P) | v(P,'D) '
= exp(AE/kT)
Y(3P,1S) A(1S,1D) v(ID,18)
where
1p. 3 1 3
\_)(3P,1D) _ A( D2, P2)V()\.5007) + A( Dz, PI)V(}\-4959) ’ (5.2)

A('Dy3Py) + A('Dy,*Pp)

and AE is the energy difference between the 1D, and 1S, levels.

Equation (5.1) is a good approximation up to 7, & 10° cm™>. However, at higher
densities collisional deexcitation begins to play a role. The lower !D term has a
considerably longer radiative lifetime than the 1S term, so it is collisionally deexcited
at lower electron densities than 1S, thus weakening 24959 and A5007. In addition,
under these conditions collisional excitation of 1§ from the excited ! D level begins to
strengthen A4363. The full statistical equilibrium Equations (3.27) can be worked out
numerically for any #, and 7', but an analytic solution correct to the first order in 7,
and to the first order in exp(—AE/kT) is that the right-hand side of (5.1) is divided
by a factor : :

cp*pycip3p)y c(D,)}Pp)

C(1s,3P)A('D,3P) = A('D,’P)
cds.3p)+cds,'p)
A(S3P)+ A(1S,'D)

f=

) (:3)

where

o 6 me YG,J) 4
C@, j)=q(, j)n,=8.629 x 10 WT, [s]

Inserting numerical values of the collision strengths and transition probabilities
from Chapter 3, this becomes

Jaa9s9 + Jasoor _ 7-90 exp(3.29 x 104/T)
Jra363 14+4.5%x10~%n,/TV2"

(5.4)

Here the representative values of the collision strengths from Table 3.6 have
been used to calculate the numerical coefficients, but actually in O™, there are
several resonances and the resulting average collision strengths vary appreciably with
temperature, so Equation (5.4) is not exact. However, in Figure 5.1 the intensity ratio
is plotted (at a density of 1 cm™>) using the correct collision strengths at each T, but
to within the thickness of the line it is the same as the result of Equation (5.4), so very
little error results from the use of mean collision strengths.
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Figure 5.1

Four temperature sensitive forbidden line ratios are shown as a function of the electron
temperature. The [O I (solid line) and [N II] (dashed) ratios are nearly coincident, partially
because of their similar excitation potentials. The ratios are shown in the low density limit
n,=1 cm™3).

An exactly similar treatment may be carried out for [N II], [Ne II], and [S III],
and the resulting equations analogous to (5.4) are

[NTI] Jresas + Jaesss _ 8.23 exp(2.50 x 104/T)

5.5

Jas1s5 1+4.4 % 1073n,/T/? (5-3)

[Ne 11723869 T Jasos _ 13.7 exp(4.30 x 10*/T) 56)
3343 1+ 3.8 x 10-3n,/T/2

[S TI1] jA9532- + Jaoosy _ 344 exp(2.28 x 10*/T) 5

Jre31 143.5 x 10~4n,/ T/

These equations form the basis for optical temperature determinations in gaseous
nebulae. Since the nebulae are optically thin in forbidden-line radiation, the ratio
of the integrals of the emission coefficients along a ray through the nebula is ob-
served directly as the ratio of emergent intensities, so if the nebula is assumed to
be isothermal and to have sufficiently low density that the low-density limit is ap-
plicable, the temperature is directly determined. Alternatively, the ratio of the fluxes
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from the whole nebula may be measured in the case of smaller nebulae. No infor-
mation need be known on the distance of the nebula, the amount of O™ present,
and so on, as all these factors cancel out. If collisional deexcitation is not com-
pletely negligible, even a rough estimate of the electron density substituted into
the correction term in the denominator provides a good value of T. The observed
strengths of the lines must be corrected for interstellar extinction, but this correction
is usually not too large because the temperature-sensitive lines are relatively close in
wavelength.

The [O IIT] line-intensity ratio (A4959 + A5007) /14363 is quite large and is there-
fore rather difficult to measure accurately. Although A14959, 5007 are strong lines
in many gaseous nebulae, A4363 is relatively weak, and furthermore is close to Hg I
A4358, which unfortunately is becoming stronger and stronger in the spectrum of
the sky due to increasing light pollution. Large intensity ratios are difficult to mea-
sure accurately, and reasonably precise temperature measurements therefore require
carefully calibrated photoelectric measurements with fairly high-resolution spectral
analyzers. Most of the early work centered on the [O III] lines, partly because they
occur in the blue spectral region in which detectors are most sensitive, and partly
because [O III] is quite bright in typical high-surface brightness planetary nebulae.
The [N II] lines are stronger in the outer parts of H II regions, where the.ionization is
lower and the O mostly emits [O II] lines. A great deal of more recent work has use:
all of these lines. ) ’

The 2D? and 2 P? levels of [O II] and [S IT] have different excitation potentials,
and lines that originate from these two levels can also be used as temperature in-
dicators. These have the advantage of lying in spectral regions that are relatively
easy to observe, but the lines are widely separated in wavelength so the correction
for interstellar extinction is larger. All of these temperature indicators are shown in
Figure 5.1.

Let us first examine optical determinations of the temperatures in H II regions,
some selected results of which are collected in Figure 5.2, which compares tempera-
tures determined by several of the line ratios mentioned above. Note that in this and
other figures, the observed intensity ratio has been corrected for interstellar extinction
in the way outlined in Chapter 7, and the temperature has been computed using the
methods described in this book.

It can be seen that all the temperatures of these H II regions are in the range
7,000-14,000 K. A good part of the dispersion in temperature is due to physical
differences between the H Il regions. As we shall see in Chapter 10, within a galaxy the
abundances of the heavy elements tend to increase inward, resulting in the differences
in temperatures shown in the figure. : ‘

Planetary nebulae have higher surface brightness than typical H II regions, and
as a result there is a good deal more observational material available for plane-
taries, particularly [O II] determinations of the temperature. Most planetaries are
so highly ionized that [N II] is relatively weak, but measurements of it are also
available. A selection of the best observational material is collected in Figure 5.3,
which shows that the temperatures in the hottest planetary nebulae are typically
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Figure 5.2

A comparison of values of the temperature in H II regions. The closed circles are H II regions
in M 101; the open circles, in NGC 2403; and the open squares, different locations in the Orion
Nebula.
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Figure 5.3
A comparison of two temperature indicators for a sample of planetary nebulae.

somewhat higher than in H II regions. This is partly a consequence of higher ef-
fective temperatures of the central stars in planetary nebulae (to be discussed in
Section 5.8), leading to a higher input of energy per photoionization, and partly a
consequence of the higher electron densities in typical planetaries, resulting in col-
lisional deexcitation and decreased efficiency of radiative cooling. Like the H IT
regions, some of the dispersion is due to physical differences among the nebulae.
Some are halo objects with relatively low heavy-element abundances, as discussed
in Chapter 10, and the lower cooling efficiency results in somewhat above-average
temperatures.

From Figures 5.2 and 5.3, it is reasonable to adopt T ~ 10,000 K as an order-
of-magnitude estimate for any nebula with near-normal abundances; with somewhat
greater precision we may adopt representative values 7 ~ 9,000 K in the brighter
parts of an H IT region, and T" ~ 11,000 K in a typical bright planetary nebula.

Another method that can be used to determine the temperature in a nebula is to
compare the relative strength of a collisionally excited line, such as C III] 21909,
with a recombination line of the next lower state of ionization, such as C I 14267,
since both depend on the product of densities n(C*+)n,, which therefore cancels
out of their ratios. Figure 5.4 shows a few of these types of ratios as a function of
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Several temperature-sensitive line-intensity ratios of dielectronic recombination to collisionalty
excited lines.

T. This method has been applied to relatively few objects because the collisionally
excited line usually occurs in the vacuum ultraviolet and it is difficult to obtain space-
borne observations. There is the additional complication that a significant correction
may be necessary if the spectrometers used for the different lines also have different
entrance apertures since these are spatially extended objects. But the method has the
advantage that the observed ratio is a very powerful function of the temperature,
so that even modest signal-to-noise spectra can determine the temperature quite
accurately.

5.3 Temperature Determinations from Optical Continuum Measurements

Although it might be thought that the temperature in a nebula could be measured from
the relative strengths of the H lines, in fact their relative strengths are almost indepen-
dent of temperature, as Table 4.4 shows. The physical reason for this behavior is that
all the recombination cross sections to the various levels of H have approximately the
same velocity dependence, so the relative numbers of atoms formed by captures to
each level are nearly independent of T', and since the cascade matrices depend only
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on transition probabilities, the relative strengths of the lines emitted are also nearly
independent of T'. These calculated relative line strengths are in good agreement with
observational measurements.

However, the temperature in a nebula can be determined by measuring the
relative strength of the recombination continuum with respect to a recombination line.
Physically, the reason this ratio does depend on the temperature is that the emission in
the continuum (per unit frequency interval) depends on the width of the free-electron
velocity-distribution function—that is, on T'.

The theory is straightforward, for we may simply use Table 4.4 to calculate the
H-line emission, and Tables 4.7-4.9 and 4.12 to calculate the continuum emission,
and thus find their ratio as a function of T'. Figure 5.5 plots the calculated ratios for
two choices of the continuum. The first is near HSA4861 and includes the H I re-
combination and two-photon continua as well as the He I recombination continuum.
[A nebula with n(He*) = 0.08n(H") and n(He*™") = 0 has been assumed, but any
other abundances or ionization conditions determined from line observations of the
nebula could be used.] The second choice is the Balmer discontinuity, j,(A3646—)—
Jy(A36464), which eliminates everything except the H I recombination continuum
due to recaptures into # = 2. [The He II recombination, of course, would also con-
tribute if n(He ™) # 0 since recaptures to its n = 4 level produce light at this wave-
length.] Note that the 14861 continuum has been calculated in the limit 7, — 0 (no
collisional deexcitation of HI 2 2S and hence maximum relative strength of the H1
two-photon continuum) and also for the case n,, = 10* cm™3, n(He™) = 103 cm™3,
taking account of collisional deexcitation, while the Balmer discontinuity results are
independent of density and n(He™). '

The continuum at A4861 is made up chiefly of the H I Paschen and higher-series
continua, whose sum increases slowly with T, and the two-photon continuum, whose
strength decreases slowly with T'; the sum hence is roughly independent of T', and
the ratio of this continuum to Hf therefore increases with T'. On the other hand, the
strength of the Balmer continuum at the series limit decreases approximately as 7~3/2,
and its ratio to Hf therefore decreases slowly with T, as Figure 5.5 shows.

The observations of the continuum are difficult because it is weak and can be
seriously affected by weak lines. High-resolution spectrophotometric measurements
with high-sensitive detectors are necessary. To date the most accurate published
data seem to be measurements of the Balmer continuum, which is considerably
stronger than the Paschen continuum near HB. A difficulty in measuring the Balmer
continuum, of course, is that the higher Balmer lines are crowded just below the limit,
so the intensity must be measured at longer wavelengths and extrapolated to A3646+.
Furthermore, continuous radiation emitted by thé stars involved in the nebulae and
scattered by interstellar dust may have a sizable Balmer discontinuity, which is
difficult to disentangle from the true nebular recombination Balmer discontinuity.
Some of the best published results for H Il regions and planetary nebulae are collected
in Figure 5.6, which shows that the temperatures measured by this method are
generally somewhat smaller than the temperatures for the same objects measured from
forbidden-line ratios. These discrepancies will be discussed again in the next section
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Two temperature-sensitive ratios involving hydrogen lines or continua. The upper curve is
the ratio of fluxes above and below the Balmer limit. The lower curves show the flux in the
continuum just redward of HB relative to HB. Two densities are shown, a low density in
which two-photon emission occurs after every capture to 2 28, and a higher density at which
collisions to 2 2P° weaken the two-photon continuum. All continua include a contribution
from He', assuming that all He is in the form of Het and a helium abundance corresponding
to He/H = 0.08 by number.

following the discussion of temperature measurements from the radio-continuum
observations.

5.4 Temperature Determinations from Radio-Continuum Measurements

’

Another completely independent temperature determination can be made from radio-
continuum observations. The idea is quite straightforward—namely, that at suffi-
ciently low frequencies any nebula becomes optically thick, and therefore, at these
frequencies (assuming an isothermal nebula) the emergent intensity is the same as
that from a blackbody—the Planck function B, (T); or equivalently, the measured
brightness temperature is the temperature within the nebula,

Ty, =T [l —exp(—1,)] > T ast, - 00 (5.8)
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Comparison of the [O III] and Balmer continuum temperatures for a sample of planetary
nebulae. The upper line indicates the expected correlation in the absence of temperature
fluctuations, and the two lower lines give the correlation for two values of ¢2.

as in Equation (4.37). Note that if there is background non-thermal synchrotron radi-
ation (beyond the nebula) with brightness temperature 7}, and foreground radiation
(between the nebula and the observer) with brightness temperature Tz, , this equation
becomes

T, = ngv =+ T[I — €Xp '(—Tv)] =+ Tbgv exp (-fv) - ngv +T

as 7, — 00

(5.9)

(assuming no foreground absorption). .

The difficulty with applying this method is that at frequencies that are sufficiently
low that the nebulae are optically thick (v & 3 x 108 Hz or A & 10 cm for many dense
nebulae), even the largest radio telescopes have beam sizes that are comparable to or
larger than the angular diameters of typical H II regions. Therefore, the nebula does
not completely fill the beam, and a correction must be made for the projection of the
nebula onto the antenna pattern.

The antenna pattern of a simple parabolic or spherical dish is circularly symmetric
about the axis, where the sensitivity is at a maximum. The sensitivity decreases
outward in all directions, and in any plane through the axis it has a form much like
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a Gaussian function with angular width of order A/d, where d is the diameter of
the telescope. The product of the antenna pattern with the brightness-temperature
distribution of the nebula then gives the mean brightness temperature, which is
measured by the radio-frequency observations. The antenna pattern thus tends to
broaden the nebula and to wipe out much of its fine structure. To determine the
temperature of a nebula that is small compared with the width of the antenna pattern,
it is therefore necessary to know its angular size accurately. But, of course, no nebula
really has sharp outer edges, inside which it has infinite optical depth and outside
which it has zero optical depth. In a real nebula, the optical depth decreases more
or less continuously but with many fluctuations, from a maximum value somewhere
near the center of the nebula to zero just outside the edge of the nebula, and what is
really needed is the complete distribution of optical depth over the face of the nebula.

This can be obtained from high radio-frequency measurements of the nebula, for
in the high-frequency region, the nebula is optically thin, and the measured brightness
temperature gives the product Ty,

Ty =T[1—exp (—1;)] = Ty as 7, >0, (5.10)

as in Equation (4.37). (In the remainder of this section, the subscript 1 is used to
indicate a high frequency, and the subscript 2 is used to indicate a low frequency.)
At high frequencies, the largest radio telescopes have considerably better angular
resolution than at low frequencies because of the smaller values of A/d, so that if
the nebula is assumed to be isothermal, the high-frequency measurements can be
used to prepare a map of the nebula, giving the product T'7; at each point. Thus
for any assumed T, the optical depth 71/, is determined at each point from the
high-frequency measurements. The ratio of optical depths, 71/75, is known from
Equation (4.31), so T, can be calculated at each point, and then the expected brightness
temperature T, can be calculated at each point:

Ty, =T[1—exp (—12)]- (5.11)

Integrating the product of this quantity with the antenna pattern gives the expected
mean brightness temperature at the low frequency. If the assumed T is not correct,
this expected result will not agree with the observed mean brightness temperature, and
another assumed temperature must be tried until agreement is reached. This, then, isa
procedure for correcting the radio-frequency continuum measurements for the effects
of finite beam size at low frequencies. -

A few of the most accurate available radio-frequency measurements of tempera-
ture in H I regions are collected in Table 5.1. Many of the observations were obtained
with single-dish telescopes, and so had limited spatial resolution. At 408 MHz, most
of the nebulae listed have central optical depths 1, & 1to 10, while at 85 MHz, the op-
tical depths are considerably larger. At lower frequencies the beam size of the antenna
is larger and in addition the background (non-thermal) radiation is larger, so many of
the nebulae are measured in absorption at this lower frequency. A few objects have
been observed with the Very Large Array (VLA) at 330 MHz, with a spatial resolution
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Table 5.1
Radio and optical temperature determinations in H II regions

Object Radio continuum (K) Radio recombination (K) Optical (K)
M42 7,875 £ 360 8,500 8800
M43 9,000 £ 1,700 6,700

NGC 2024 8,400 £ 1,000 8,200

W51 7,800 £+ 300 7,500

W43 5,410 &+ 300 5,640

M17 7,600 =+ 400 9,100 £ 100

NGC 6334 7,000 7,000

NGC 6357 6,900 7,300

References for table: Shaver et al. 1983, MNRAS, 204, 53; Subrahmanyan, R., & Goss, W. M. 1996, MNRAS,
281, 239; and papers cited therein.

of roughly 1 arc minute. The radio continua give temperatures that are fairly consistent
with other independent ways of measuring the mean temperature in a nebula.

Exactly the same method can be used to measure the temperatures in planetary
nebulae, but as they are very small in comparison with the antenna beam size at
the frequencies at which they are optically thick, the correction for this effect is
quite important. Nearly all the planetary nebulae are too small for mapping at even
the shortest radio-frequency wavelengths with single-dish radio telescopes, but it is
possible to use the surface brightness in a hydrogen recombination line such as HS,
since it is also proportional to the proton emission measure, the integral

1(HB) x / nyn,ds =E,, (5.12)

to get the relative values of T, at each point in the nebula. Even the optical mea-
surements have finite angular resolution because of the broadening effects of seeing.
Then, for any assumed optical depth of the nebula at one point and at one frequency,
the optical depths at all other points and at all frequencies can be calculated. For any
assumed temperature, the expected flux at each frequency can thus be calculated and
compared with the radio measurements, which must be available for at least two (and
preferably more) frequencies, one in the optically thin region and one in the optically
thick region. The two parameters 7" and the central optical depth must be varied to get
the best fit between calculations and measurements. The uncertainties are largely due
to the lack of accurate optical isophotes, from which the distribution of brightness
temperature over the nebula must be calculated.

With the Very Large Array (VLA) radio interferometer it is possible to achieve
angular resolution as small as 0.05” at high frequency (A = 1.3 cm), ideal for these
measurements. Mean temperatures determined in this way for planetary nebulae
include T = 8,300 K for NGC 6543, T = 18,500 K for IC 418, and T = 14,000 K
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for NGC 7027. The high-resolution radio images, obtained at these high frequencies,
provide excellent information on the spatial structure of planetary nebulae.

5.5 Temperature Determinations from Radio and UV Absorption Lines

The H I 21-cm line occurs as an electron spin—flip transition, with a transition
probability of A =2.85 x 107! s~1. The calculation of A is exactly analogous to
atomic transition probabilities but here it involves coupling of 7, the nuclear spin
of the proton, with J, the angular momentum of the electron. The latter is made up
of spin (non-zero) and orbital (zero) angular momenta to form F, the total spin of
nucleus plus electron. It is an allowed magnetic dipole transition in these variables,
but has a very small transition probability because of the v3 dependence of A.

Observations of 21-cm absorption, together with Lo absorption, can measure
the excitation temperature T,, of the hyperfine structure levels that produce the 21
cm line. T,,, often referred to as the spin temperature in radio-astronomy papers, is
defined in terms of the level populations as

n o,
L= exp(—Xu1/ kTy)
n w

where x,; is the excitation energy of the line and the n’s and w’s are the populations
and statistical weights of the lower and upper levels.

T,, is equal to the gas kinetic temperature if the level populations are determined
mainly by collisions. This is usually the case when the electron density is above the
critical density of the transition, and the radiation density at the frequencies which
can populate and depopulate the upper level are low. Collisions with electrons and
hydrogen atoms are the most important. At temperatures of 10° K and 10* K, the
downward collisional rate coefficients are g = 2.4 x 1071%and 5.2 x 107 10cm3s~!
for collisions with hydrogen atoms, and 6.0 x 10~ and 7.9 x 10~ cm? s~! for colli-
sions with electrons. The corresponding critical electron density is 3.6 x 107 cm™3,
so the level populations are collisionally dominated for most conditions. Scatter-
ing by La photons can alter the level populations, and this can be important under
some conditions. However, the assumption that 7,,(21cm) = T, is often a good
approximation.

The line optical depth 7 of any trans{tion is given by

t=«kL=a(n; —n,w/0,)L (5.13)

where « is the line opacity, L is the path length, and a is the atomic absorption cross
section (cm?). The first term in parentheses represents direct absorption of radiation
from the lower level, while the second term corrects for stimulated emission.

Using the definition of 7, the opacity « can be written as

¢ = am[1— exp (—xu/ KT.,)] lem™
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There are two limiting forms to this equation. If x,; > kT,,, the limit that holds for
Lo at T ~ 10* K, the exponential can be ignored and the opacity is given by

Kyvy =4agyny-

The opposite limit occurs for H I 21 cm. Here x,; < kT,, and the exponent can be
expanded as exp(—yx,;/ kT,y) =~ 1 — x,1/kT,,. Then, the opacity is given by
Xul
Kradio = aradionlﬁt
i.e., in this case it is proportional to the ratio n/T,, and not n itself. So, 21-cm
absorption is strongly weighted to colder regions.

The ratio of the optical depths of the HI 21 cm and Lo lines can be combined to
measure the éxcitation temperature.

Tradio _ M,radio KradioL _ M,radio @radio Xul

Tyy nyy kyyL nyy ayy kg

For the particular case of 21 cm and L« this becomes

3
Diem _ 1 82tom X _ 1 A2temAicm Xur
e 4 Gy kT, 4 A A, kT,

_ N
—3.84x 1077

The factor of % enters if the hyperfine structure levels that produce 21 cm absorption
have populations that are proportional to their statistical weight, since both levels
absorb Lo while only the lower level absorbs 21 cm.

5.6 Electron Densities from Emission Lines

The average electron density in a nebula may be measured by observing the effects
of collisional deexcitation. This can be done by comparing the intensities of two lines
of the same ion, emitted by different levels with nearly the same excitation energy so
that the relative excitation rates to the two levels depend only on the ratio of collision
strengths. If the two levels have different radiative transition probabilities or different
collisional deexcitation rates, the relative populations of the two levels will depend
on the density, and the ratio of intensities of the lines they emit will likewise depend
on the density. The best examples of lines that may be used to measure the electron
density are [O IT] A3729/13726, and [S I} A6716/16731, with energy-level diagrams
shown in Figure 5.7.

The relative populations of the various levels and the resulting relative line-
emission coefficients may be found by setting up the equilibrium equations for
the populations of each level as described in Section 3.5. Howeyver, direct physical
reasoning easily shows the effects involved. Consider the example of [O IT] in the low-
density limit n, — 0, in which every collisional excitation is followed by emission
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Figure 5.7
Energy-level diagrams of the 2 p? ground configuration of [O II} and 3 p? ground configuration
of [S T].

of a photon. Since the relative excitation rates of the 2Ds /2 and 2D, /2 levels are
proportional to their statistical weights [see Equation (3.22)], the ratio of strengths
of the two lines is jy3729/jx3726 = 1.5. On the other hand, in the high-density limit,
n, — 00, collisional excitations and deexcitations dominate and set up a Boltzmann
populations ratio. Thus, the relative populations of the two levels 2Ds /2 and 2D, /2 are
in the ratio of their statistical weights, and therefore the relative strengths of the two
lines are in the ratio

Jr3729 _ n(2Dg/2) Aj3729 . §3.6 x 1073
hane  nCDS,) Ay 216 % 10~

=0.34

The transition between the high- and low-density limits occurs in the neighborhood

of the critical densities [see Equation (3.30}], which are n, ~ 3 x 103 cm 3 for ZDg 12

and n, ~ 1.6 x 10* cm ™3 for 2D§’/2.
which also takes into account all transitions, including excitation to the 2 P levels with
subsequent cascading downward, gives the detailed variation of intensity ratio with
the electron density that is plotted in Figure 5.8. Note from the collisional transition

rates that the main dependence of this ratio is on n,/ T 172 There is also a very slight

The full solution of the equilibrium equations,
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Figure 5.8

Calculated variation of [O 1I] (solid line) and [S 11} (dashed line) intensity ratios as functions
of n, at T = 10,000 K. At other temperatures the plotted curves are very nearly correct if the
horizontal scale is taken to be n,(10*/ T)'/2,

temperature dependence (as a consequence of the cascading from 2 P?) that cannot
be seen on this graph.

An exactly similar treatment holds for [S HJ; the calculated ratio jyg716/716731
is also shown in Figure 5.8. Other pairs of lines from ions with the same type of
structure, which may also be used for measuring electron densities, are [N I], [C1II1],
[Ar IV], and [K V] in the optical region, as well as [Ne IV] A12422, 2424 in the
vacuum ultraviolet.

From the observational point of view, it is unfortunate that the [O II] AA3726,
3729 are so close in wavelength; a spectrograph, spectrometer, or interferometer with
good wavelength resolution must be used to separate the lines. However, a fair amount
of data is available on both H II regions and planetary nebulae.

Table 5.2 compares some densities measured'in H II regions. It can be seen that
typical densities in several H II regions are of order n, ~ 102 cm™3. (NGC 1976 M
is a position in the outer part of the Orion Nebula.) Several H II regions have dense
condensations in them, though—for instance, the central part of the Orion Nebula,
near the Trapezium (NGC 1976 A), with A3729/A3726 = 0.50, corresponding to n, ~
3.0 x 103 cm 3. In fact, observations of the [O 1I] ratio at many points in NGC 1976,
of which only A and M are listed in Table 5.2, show that the mean electron density
is highest near the center of the nebula and decreases relatively smoothly outward in
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Table 5.2

Electron densities in H II regions
Object I1(23729)/1(A3726) n, (cm™3)
NGC 1976 A 0.5 3.0 x 10°
NGC 1976 M 1.26 1.4 x 10?
M 8 Hourglass 0.67 1.6 x 103
M 8 Outer 1.26 1.5 x 102
MGC 281 1.37 70
NGC 7000 1.38 60

all directions. The three-dimensional structure of the nebula thus presumably must
have a density maximum, and the intensity ratio observed at the center results from
emission all along the line of sight, so the actual central density must be higher than
4.5 x 10° cm™3. A model can be constructed that approximately reproduces all the
measured [O II] ratios in NGC 1976; this model has n, ~ 1.7 x 10* cm™3 at the
center and decreases ton, ~ 102 cm™3 in the outer parts. Furthermore, measurements
of the [S II] ratio at many points in the inner bright core of NGC 1976 (about &'
diameter) show good agreement between the electron densities determined from the
[S I1] lines and the [O II] lines. Similarly, in M 8 the [O II] measurements show that
the density falls off outward from the Hourglass, a small dense condensation in which
n,~2 x 103 cm™>.

Some information on electron densities in planetary nebulae derived from [O II]
and [S IT] is shown in Figure 5.9, in which the densities derived from these two ions are
mostly within a factor of two of each other. In most planetaries the degree of ionization
is high, and most of the [O II] and [S II] lines that arise in fairly low stages of ionization
are emitted either in the outermost parts of the nebula or in the densest parts, where
recombination depresses the ionization the most. Thus the densities derived from these
ions may not be representative of the entire nebula. The higher stages of ionization,
[Ar IV], [K V], and so on, are more representative, but their lines are weaker and
more difficult to measure. An example is NGC 7662, for which the [Ar IV] lines give
n, = 1.0 x 10* cm™3, while the [Ne IV] pair at 212422, 2424 give 9.6 x 103 cm™3,
both at an assumed T = 10* K. .

The electron densities derived from these line ratios may be used in Equa-
tions (5.4) and (5.5) to correct the observations of the temperature-sensitive lines
of [O III] and [N II] for the slight collisional deexcitation effect; and actually these
corrections have already been taken into account in Tables 5.1 and 5.2. Though the
electron density derived from [O TI] line measurements may not exactly apply in
the [O III] emitting region, the density effect is small enough that an approximate
correction should be satisfactory.

In the densest planetaries known, collisional deexcitation of [O IIT] ' D, is strong
enough that the (14959 + A5007) /14363 ratio is significantly affected. The best
example is IC 4997, with 13729/13726 = 0.34, corresponding to n, poorly deter-
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Densities of a sample of planetary nebulae calculated from the [O II] and [S II] line ratios
described in the text.

mined in the high-density limit but certainly greater than 10° cm—3. The measured
(14959 + 15007) /24363 ~ 22, which would correspond to 7' ~ 4 x 10* K if there
were no collisional deexcitation. This temperature is far too large to be understood
from the known heating and cooling mechanisms in photoionization equilibrium, and
the ratio is undoubtedly strongly affected by collisional deexcitation. If it is assumed
that T~ 12,000 K, the [O III] ratio gives n, =~ 10® cm™3; higher assumed tempera-
tures correspond to somewhat lower electron densities, and vice versa.

Transitions with higher critical densities can be used as diagnostics in denser en-
vironments. The ion C III, whose energy-level diagram is shown in Figure 5.10, has
two observed emission lines, [C III] 3s2 150—3s 3p 3P20 A1907, a highly forbidden
magnetic quadrupole transition, and C III 352 1Sy-3s 3p 3P10 21909, an intercombi-
nation or “semi-forbidden” electric—dipole transition. The two lines therefore have
a ratio of intensities fixed in the low-density limit by collision strengths alone. It
is approximately I(lSO—3P2")/I(ISO—3P1") ~ 5/3 by Equation (3.22), but more nearly
exactly = 1.53, because the downward radiative transition 'Sy—3 Py is completely for-
bidden; hence collisional excitation of 3P(§’ is always followed by a further collisional
process, either deexcitation to 'S, or excitation to 3P? or 3P¢. In the high-density
limit, on the other hand, the ratio is fixed by the ratio of statistical weights and tran-

sition probabilities, and &~ 9 x 107, The detailed form of its variation with electron
density is shown in Figure 5.11.
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Energy-level diagram of lowest terms of C III 252 and 2s2p configurations, and resulting
C IIT] and [C IIT] emission lines. The splitting within the 252 p 3P term is exaggerated in this
diagram.
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Calculated variation of [C III] A1907/C IIT] 21909, [N IV] A1483/N IV] A1487, and [Si III]
A1883 / Si II] 11892 intensity ratios as a function of electron density n, at T = 10,000 K.
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The 11907/A1909 ratio has mainly been measured for bright planetary nebulae.
They mostly have ratios in the range 0.8 to 1.4, corresponding to n, =3 X 10* to
3 x 10 cm~3. The large, low-density nebulae like NGC 650/1, 3587, 6720, 6853,
and 7293 are too faint to have yet been measured in these lines. But the small, high-
surface-brightness planetary IC 4997 has 21907 /41909 ~ 0.03, showing that its mean
electron density n, ~ 106 cm—3, agreeing quite well with the [O III] results.

5.7 Electron Temperatures and Densities from Infrared Emission Lines

Sensitive infrared detectors, together with airborne or orbiting telescopes that are
above most of the infrared absorption in the Earth’s atmosphere, have made it pos-
sible to measure “fine-structure” lines such as [O ] 3Py—3P; 188 yum and 3P,—
3P, A52 um (see Figure 3.1 and Table 3.12). These far-infrared lines have much
smaller excitation potentials than the optical lines such as 3P, D, 15007. Thus a
ratio like jys007//x88,m depends strongly on temperature but, since the 3P, level has
a much lower critical electron density than ! D, does, the ratio depends on density
also. On the other hand, the ratio j;sp,,m//xgs;m hardly depends on temperature at
all (since both excitation potentials are so low in comparison with typical nebular
temperatures), but does depend strongly on density (since the two upper levels have
different critical densities). Hence by measuring two [O III] ratios, we can determine
the average values of the two parameters, T and n,. Figure 5.12 shows calculated
curves of the values of the two [O III] intensity ratios for various values of tempera-
ture and electron density. Observed values of the line ratios are entered on the diagram
for several planetary nebulae, from which the average T and n, can be immediately
read off. They agree reasonably well with values determined independently from op-
tical lines alone. Including the infrared lines makes determinations of temperature
and density possible for many more ions than the optical lines. The chief difficulty,
given an airborne telescope and spectrograph, is to be certain that exactly the same
area is measured in both spectral regions. For this reason the measurements available
to date are chiefly for entire planetary nebulae.

5.8 Electron Temperatures and Densities from Radio Recombination Lines

Information can be obtained on the temperature and density in gaseous nebulae
from measurements of the radio recombination lines. Practically all the observational
results refer to H II regions, which have considerably larger fluxes than planetary
nebulae and hence can be much more readily observed with radio telescopes. The
populations of the high levels of H depend on T and #n,, as explained in Section 4.4,
and the strengths of the lines emitted by these levels relative to the continuum and to
one another therefore depend on n,, T', and the optical depth, which is conventionally
expressed in terms of the emission measure E defined in Equation (4.32). Comparison
of measured and calculated relative strengths thus can be used to calculate mean values
of n,, T,and E.
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Calculated variation of [O III] forbidden-line relative intensity ratios as functions of 7'(5,000 K
to 20,000 K) and the log of the electron density 7,. Observed planetary-nebula ratios plotted
with an indication of probable errors.

To calculate the expected strengths, we must solve the equation of radiative
transfer, since the maser effect is often important, as was shown in Section 4.4. Fur-
thermore, the continuum radiation is not weak in comparison with the line radiation
and therefore must be included in the equation of transfer. The observations are gen-
erally reported in terms of brightness temperature. We will use T for the measured
temperature in the continuum near the line and 77, + T¢ for the measured brightness
temperature at the peak of the line (see Figure 5.13), so that Ty is the excess brightness
temperature due to the line.

We will consider an idealized homogeneous isothermal nebula. The optical depth
in the continuum, which we will write 7, is given by Equation (4.32). The optical
depth in the center of the line is

'ECL:‘L'L+TC . (514)
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Figure 5.13

A radio-frequency line superimposed on the radio-frequency continuum, showing the
brightness temperatures at the center of the line and in the nearby continuum; T, and T¢,
respectively.

where 17 is the contribution from the line alone,
d T, =K LdS
and
K7, :nnkOL. . (515)

Here we consider a n, Arn line between an upper level m = n 4+ An and a lower
level n; the central line-absorption cross section, corrected for stimulated emission as
in Equation (4.43), is

Wy, A2 b
Ko = ———F7—A 1--2 —
oL w, 8T3/2Avp mh [ b, exp( hv/kT)]

5.16
_ @n M(n2)"? 1- bm hv/KT o
Cl)n 47T3/2AUL m,n bn exp(_ v/ )
In this equation a Doppler profile has been assumed, with Avp, the half width at
¢~ ! of maximum intensity and Av; the full-width at half-maximum intensity, the
conventional quantity used in radio astronomy. Combining (5.16) with

B

B2 3/2
2 —
N, = byn (W) exp(X,,/kT)n ,n, [em™] (5.17)

and usir?g e)'(p(X o/ kT) ~ 1to a good approximation for all observed radio-frequency
recombination lines, expressing A,, , in terms of the corresponding f-value, f,,,
and expanding the stimulated-emission correction as in Equation (4.43) gives, for the
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special case of local thermodynamic equilibrium (b,,, = b,, = 1, which we shall denote
by an asterisk throughout this section),

2
* —9n fmnv
7, =153 x10 —AvLT2-5 Ep
(5.18)

=101 x 107 22 Tm_p
nAvLT2~5

The proton-emission measure, defined in Equation (5.12), is expressed in em % pc in
both forms of Equation (5.18), and

_&_&%21)0&1

vy =
n?2 m? n3

In the true nebular case,

[1 - I;—m exp(—hv/kT)]

n

[1—exp(—hv/kT)] (5.19)

kT dInb
=t'b, |1— — " An
2 m( hv dn )

by the power-series expansion, while the continuum optical depth is the same as in
thermodynamic equilibrium, because the free electrons have a Maxwellian distribu-
tion.

Now we will use these expressions and the formal solution of the equation of
transfer to calculate the ratio of brightness temperatures r = Ty /T in the special
case of thermodynamic equilibrium,

1, =1.b,

e TtTe | _Ti-ew(-we)]
y = — — = —
Te T[1—exp (—7¢)] ‘
(5.20)
tmenl- (4]
 1—exp(-1¢) )

If 7} <1 (this is a good approxirhation in all lines observed to date), and in
addition, 7 < 1 (this is generally but not always a good approximation),

*
«+_ "L
Tc

r

Under the assumption of local thermodynamic equilibrium, the observed ratio of
brightness temperatures in line and continuum thus gives (in the limit of small optical
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depth) the ratio of optical depths, which, in turn, from Equations (4.32) and (5.18),
measures 7'. Note that the continuum emission measure E,, given by

E.= / n,n.ds, (5.21)

involves all positive ions, but the proton emission measure E » involves only H ions,
so their ratio depends weakly on the helium abundance, which, however, is reasonably
well known. This scheme was used in the early days of radio recombination-line
observations to determine the temperatures in H1I regions, but it is not correct because
in a nebula the deviations from thermodynamic equilibrium are significant, as is
shown by the fact that measurements of different lines in the same nebula, when
reduced in this way, give different temperatures.

To calculate the brightness—temperature ratio r = T,/ T in the true nebular case,
we note that the brightness temperature in the continuum is still given by

Tc=T[1—exp (—1c)].
However, both the line-emission and line-absorption coefficients differ from their

thermodynamic equilibrium values. The line-emission coefficient depends on the
population in the upper level, so .

JL=1] zbm’
while the line-absorption coefficient, as shown in Equation (5.19), is
Kp, = K;byp,

where

(5.22)
The equation of transfer, in intensity units is

I . ,
dv:~h+h+k:
drCL Ky, +KC

—I,+S,, (5.23)

where
jzbm + jC
Kibmﬁ +Kc

(5.24)
_ Kkpbmtxc

LM C BT
KibuP + ke V(1)
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from Kirchhoff’s law, so that the brightness temperature at the center of the line is

T, +Tr= 1bm + kc 1{1— [—(b BT+ )]} (5.25)
= == = ex T T, .
L C Kmeﬁ Py p mPTy, o
Hence finally,
T kb, +« 1—exp(=b,Btf+T
- L L%m C Xp ( mBT] C) 1, (5.26)
Tc K7 bmB + Kkc 1—exp (—1¢)

which depends only on one optical depth, say 7¢, the ratio of optical depths, 7} /t¢ =
K% /K¢ given by Equations (4.42) and (5.14), and the b, factors, which, in turn, depend
onn,and T.

Thus, when the deviations from thermodynamic equilibrium are taken into ac-
count, 7 depends not only on T', but also on ,, and 7 (or equivalently, E). Therefore,
observations of several different lines in the same nebula are necessary to determine
T, n,, and E from measurements of radio-frequency recombination lines. The proce-
dure is to make the best possible match between all measured lines in a given nebula,
and the theoretical calculations for a given T, n,, and E, using the b,(T, n,) calcu-
lations described in Chapter 4. There are observational problems connected with the
fact that the radio recombination lines, coming as they do from levels with large n
and thus large atomic radii, suffer significant impact broadening even at the low den-
sities of nebulae. This makes the wings of the line difficult to define observationally

" except with very good signal-to-noise ratio data. Otherwise significant contributions

from the wings may easily be overlooked. Another problem is that measurements
are made at different frequencies and with different radio telescopes, so the antenna
beam patterns are not identical for all lines. Model calculations show that over a
wide range of nebular conditions, measurements of lines with An =1 at frequen-
cies near 10 GHz (such as 109« at 5.009 GHz) are only slightly affected by maser
effects and by deviations from thermodynamic equilibrium, and therefore are es-
pecially suitable for determining nebular temperatures. Data on some of the best
observed nebulae are collected in Figure 5.14, which compares the recombination
line measurements with temperatures determined from collisionally excited lines. The
temperatures determined from the recombination lines tend to be lower than those de-
termined from collisionally excited lines, as was also found with the Balmer jump and
radio continuum.

The range in temperatures is largély due to physical differences among the
nebulae. Radio techniques have the advantage that nebulae can be detected at large
distances within the galactic plane, where interstellar extinction prevents optical
spectroscopy. The measured temperatures show a clear increase with increasing
distance from the center, which is consistent with the decrease in heavy-element
abundance outward from the center that we shall discuss in Chapter 10.

Average electron densities can also be found from the radio recombination line
measurements. The best procedure is to compare lines of two different frequencies,
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A comparison between temperatures determined from optical forbidden lines ([O III] filled
circles; [N II] open circles) and radio recombination lines.

such as 85« and 109, or 66« and 85¢. Naturally it is important to match the an-
tenna beam widths as closely as possible. Very high # lines cannot be used, because
impact (Stark) broadening becomes important, making the wings difficult to define
and measure accurately. The mean electron density derived in this way for the Orion
Nebula, NGC 1976, n, = 2.4 x 10%cm3, is comparable with an emission-weighted
average of the [O II] determinations. Likewise, radio recombination line measure-
ments for a few of the highest surface brightness planetary nebulae give mean electron
densities ranging from 7, = 8.5 x 10> cm™3 in NGC 6543 to 1.6 x 105 ¢cm™3 in
NGC 7027.

5.9 Filling and Covering Factors

Direct photographs of nearly all planetaries and H II regions show chaotic structure to
some degree. In some cases nebulae appear to have large hollow central regions. As we
shall see in the next chapter, these can be understood as resulting from a highly ionized,
low-density, high-velocity “wind,” flowing out from the central star or stars. In other
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cases large departures from spherical symmetry are present, with significant regions
being relatively free of matter. These density condensations, low-density hollows,
etc., are an important feature of the structure of gaseous nebulae.

They can be detected quantitatively if the densities derived from [O II] line ra-
tios in a large, well resolved nebula of known distance, such as NGC 1976, are used
to predict the expected high-frequency radio continuum brightness temperature, by
combining Equations (4.32) and (4.37) and assuming that the nebula is spherically
symmetric. They give, in the limit of small optical depth, which is a good approxi-
mation for high-frequency observations,

Ty, = 8.24 x 10727703521, (5.27)

with the continuum emission measure E, given by Equation (5.21), with units in
cm % pc. Note that the predicted brightness temperature depends only very weakly
on the nebular temperature.

The measured values of T}, are invariably smaller than those predicted in this
way, typically by a factor of order ten. This can only be understood if the nebula
is thinner along the line of sight than perpendicular to it (which is actually the
case for the Orion nebula, as we shall see), or in terms of density fluctuations.
The line-ratio density measurements are heavily weighted toward the regions of
strongest emission—that is, of highest density. These measured densities thus deviate
greatly from the average density along a typical path or ray through the nebula.
Fluctuations in density must be taken into account in describing the structure of the

“nebula.

The simplest, though extreme, way to do so is to idealize the nebula as containing
gas in small clumps or condensations, with electron density n, within the condensa-
tions, but with zero electron density between them. The “filling factor” ¢ is then the
fraction of the total volume occupied by the condensations. The space between the
condensations, in this simple picture, is a vacuum, which makes no contribution to
the emission, mass, opacity, etc., of the nebula. The filling factor may be assumed
to be constant throughout a nebula, for simplicity, or it can be allowed to vary with
position, to match either an image or the spectrum of the real nebula. For NGC 1976,
assuming a constant filling factor, the comparison of density and radio-continuum
measurements gives & = 0.03, and values ranging from 0.01 to 0.5 or so have been
determined for other H II regions and planetary nebulae.

The covering factor, Q2/4m, is the fraction of 47 sr that is covered by gas, as
viewed from the location of the central star. The covering factor takes into account
regions where the gas is either nonexistent or has insufficient column density to fully
absorb the ionizing continuum, and so appear fainter.

Note that under the filling-factor and covering-factor description of nebulae the
intensity of an emission is given by

5= / jrds = [ £ ninee)(T) ds; (5.28)
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the luminosity in the same line, integrated over the volume of the nebula, is
L=t / e nn e)(T) dT (5.29)
47
the number of recombinations is
QHY = %%’Zfs et z(HY (5.30)
replacing Equation (2.19) or
Q(Ho)zﬁfrlsn nop(H) 4V, (5.31)
4 Jo pe ' '
replacing its analogue in Section 5.10, and the total mass of H in the nebula is
Q [N ;
MH:mHE/(; en,dV (5.32)
Likewise the radial optical depth becomes
r
T,(r) = /0 e n(HC, r'Ya, dr' J : (5.33)

replacing Equation (2.12). Similar generalizations can be made in other equations,
always on the basis that n stands for the density in the condensations, which are
assumed to fill a fraction ¢ of the total volume, with vacuum (or hot, low-density
invisible gas) between them.

5.10 Ionizing Radiation from Stars

Observations of gaseous nebulae may be used to find the number of ionizing photons
emitted by a star and thus to determine a long base-line color index for it between
the Lyman ultraviolet region and an ordinary optical region, from which the effective
temperature of the star can be derived. The idea of the method is quite straightforward.
If the nebula around the star is optically thick in the Lyman continuum, it will absorb
all the ionizing photons emitted by the star. Thus the total number of ionizations in the
nebula per unit time is just equal to the total number of ionizing photons emitted per
unit time, and since the nebula is in equilibrium, these ionizations are just balanced
by the total number of recaptures per unit time, so

o0 Lv 0 ri
/ —Ldv=QH ):/ nynop’, T) dV,
Vo hv 0

where L, is the luminosity of the star per unit frequency interval. In this and the
following equations we have set the covering and filling factors to unity, but these
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could easily be included following the discussion in the previou's s.ectif)n. Note that
by using the recombination coefficient .z, we have inclufiefi the ionization processes
due to diffuse ionizing photons emitted in recaptures within the .nepula.—see Equa-
tion (2.19). The luminosity of the entire nebula in a particular emission line, say HS,
also depends on recombinations throughout its volume:

r
L(Hﬁ)ZfO 4njnp AV
n
= hvyg / npnea:{:gf(Ho, T)dv
0

Thus, dividing

LHB) /rl n eff(HO, T)dV
0

thﬂ pe%Hp
0 - T
f Ly gy / n s (0, T) dV 5.34)
v HV 0
oy (1, 7)
" ap(H0, T)

gives the result that the number of photons emitted by the nebula in a specific recom-
bination line such as HB is directly proportional to the number of photons er.mtt.ed
by the star with v > vg. Note that the proportionality betw.een the number of ioniz-
ing photons absorbed and the number of line photons (:n]ltte:d do'es not. depend on
any assumption about constant density, and that replacing the ratio of 1nteger]zci}s by
the ratio of recombination coefficients is a good approximation bef:ause ayp /ag
depends only weakly on 7. Note further that any other emission .llne could. hgve
been used instead of HB, or alternatively the radio-frequency continuum emission
at any frequency at which the nebula is optically thin'cm'ﬂfi have been used, ex-
cept that then the ratio of nebular photons emitted to ionizing ph.o.tons would in-
volve the ratio of the number of protons to the total number of positive ions, which
depends weakly on the He abundance. The number of ionizing phot.ons may be com-
pared with the luminosity of the star at a particular frequency v in the observable
region, -

LHB)
L, B Ly, hvyg
L, dv - LAHp) [ Ly dv
/VO o hvag Juy By (5.35)

G 8
T (|0, T) g
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where the ratio of luminosities has been expressed in terms of the ratio of the observed
fluxes at the earth from the star at v ¢ and from the nebula at HB. This ratio is inde-
pendent of the distance, and is in addition independent of the interstellar extinction
if the nebula and the star are observed at the same effective wavelength by choosing
v = VH B-

It is often more convenient to make the stellar measurements with a fairly wide
filter of the type ordinarily used for photometry (for instance, the V filter of the UBV
system), and we can then write a similar equation in terms of

o
LV:/ s, (V)L,dv
0

and
[o,0]
w Fy :/ s, VI F, dv,
0

where 5,(V) is the sensitivity function of the telescope-filter-photocell combination,
known from independent measurements. For measurements of stars in bright nebulae,
itis advantageous to use a narrower-band filter that isolates a region in the continuum
between the brightest nebular emission lines, to minimize the correction for the “sky”
background. In principle, any observable frequency v ¢ can be used, and likewise
any observable recombination line, for instance Her, might be measured instead of
Hp. The method of using the nebular observations to measure the stellar ultraviolet
radiation was first proposed by Zanstra, who assumed that the flux from a star could
be approximately represented by the Planck function B, (T,), so that

va vi(T*)

00 00
/ ﬁdv / ——B”(T*)dv
%) hV v, hl)

0

and the measurements thus determine 7, the so-called Zanstra temperature of a
star that ionizes a nebula. However, modern theoretical work on stellar atmospheres
shows that there are important deviations between the emergent fluxes from stars
and Planck functions, particularly in the regions where there are large changes in
opacity with frequency, such as at the Lyman limit itself and at the various limits, due
to other ions at shorter wavelengths, so that it is not a very good approximation to
set F, = B,(T,). As illustrations, Figures 5.15 and 5.16 show calculated models for
stars with T, = 40,000 K, log g = 4, approximately an O6 main-sequence star, and
T, = 100,000 K, log g = 6, a fairly typical planetary-nebula star. Thus the ratios

L, T F (T,
f ASE L) g)
—o7— =YT) =— (5.36)
/ é_lidv / Tro(T*,g)dv
v, hv vo hv
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Figure 5.15

Calculated flux from a model O6 star with 7, = 40,000 K, log g = 4 (solid line), compared
with blackbody flux for the same effective temperature (dashed line). The ionization edges of
atomic hydrogen and helium are marked.

should be determined from the best available sequences of model stellar atmospheres,
and it can be seen that there is a one-parameter relationship y = y(7,) for a fixed value
of g or along a fixed line in the 7, log g plane. ’

We shall first use these relationships to examine the effective temperatures of
population I O stars in H II regions, and then generalize these equations and use them
to describe the higher-temperature planetary-nebula central stars.

Many HII regions are observed, but a fairly large fraction of them contain several
O stars that contribute to the ionization and thus complicate the determination of the
effective temperature of individual stars. The best cases for measurement are clearly
nebulas with only a single involved hot’star. Furthermore, the basic assumption of the
method is that the nebula completely absorbs the stellar ionizing radiation and is a true
Stromgren sphere (radiation-bounded rather than density-bounded). Itis difficult to be
certain that this assumption is fulfilled in any particular nebula, though well-defined
ionization fronts at the outer edge of a nebula suggest that it is and thus indicate that it
is a good candidate to be measured. However, as we shall see in Chapter 7, absorption
of ionizing photons by dust can still cause serious errors in the results.

Today a large body of optical, infrared, and radio-frequency measurements are
available. The infrared and radio measurements have the advantage that they are
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Calculated flux from a model planetary-nebula central star with 7, = 100,000 K, log g =6
(solid line), compared with blackbody flux for the same temperature (dashed line). The
ionization edges of atomic hydrogen and the first ion of helium are marked.

relatively unaffected by interstellar extinction, although they have the defect that this
extinction enters the ratio of optical stellar flux to radio-frequency nebular flux in full
force. From these measurements of about 25 nebulae, the best available model stellar
atmospheres were used to derive the temperature scales for the main-sequence stars
shown in Table 2.3.

In many planetary nebulae the number of ionizing photons emitted by the star
beyond the He™ limit can also be measured from A4686, the strongest optical He IT
recombination line. This line is in general not present or only very weakly present, and
has only been observed in some giant extragalactic H II regions. This indicates that
the flux of He™-ionizing photons is small in all main-sequence O stars, confirming
the calculated models in this respect. Many of the planetary-nebula central stars,
however, -are considerably hotter and emit an appreciable number of photons with
hv > 4hvy = 54.4 eV. Thus, from the He I observations and from Equation (2.29),
we have the relation analogous to that in Equation (5.35),

L oy (Het, TYTF,,
—Foo 7 — Ma4e686 .
/oo L, ag(He™t, T)7 Fy 4636

(5.37)
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Hence from the measured H I and He II line fluxes of the nebula, together with the
measured stellar flux at some observable frequency, two independent determinations
of T, can be made by the Zanstra method. In some nebulae these two determinations
agree, but in other nebulae they disagree badly. For instance, in NGC 7662, the H1
measurements indicates T, = 70,000 K, while the He II measurement indicates that
T, = 113,000 K, which, in fact corresponds to over 100 times more He*-ionizing
photons than does the lower temperature. The discrepancy may be understood as
resulting from the fact that the nebula is not optically thick to the H-ionizing radiation
as Equation (5.35) assumes. If the nebula is density-bounded rather than ionization-
bounded, then we must replace Equation (5.35) with

L, - ol (|0, T)m F,, 539
g T :
/°° Ly, P ap(HO, T)m Fyp

v hv

where 7y represents the fraction of the H-ionizing photons that are absorbed in the
nebula. Likewise it is possible to imagine that all the Het-ionizing photons are not
absorbed within the nebula—that is, that even the He™™ zone is density-bounded
rather than ionization-bounded. However, this does not seem to occur in most of
the observed planetaries because nearly all observed planetaries have He I lines in
their observed spectra, indicating the existence of an outer Het zone, which, as the
discussion of Chapter 2 shows, is certainly optically thick to Het ionizing radiation.
In a similar way, if [O I] lines are observed in a nebula, they indicate the presence
of 09, and therefore also of H?, which has the same ionization potential as O°, and
thus indicates that the nebula is optically thick to H-ionizing radiation and that n =1
(assuming spherical symmetry).

One further item of information can be obtained from measurements of the flux in
a He I recombination line, such as A4471 or A5876—namely, the number of photons
emitted that can ionize He?. This condition is

—va = Nyehv ozgg%(Heo, Dy (5.39)
/Oo &dv HeTAS8T0 o p (HeD, TY7 Fysgre '
v, hv

If the nebula is known to be optically thick to the He-ionizing radiation, either because
the Het zone is observed to be smaller than the H* zone, or because the apparent
abundance ration(Het) /n p < 0.1(presumably indicating that the He™ zone is smaller
than the H' zone, even though this was not directly observed), then 7y, = 1.

It should be noted that although the integrals giving the numbers of photons that
can ionize He™, He®, and H? in Equations (5.26), (5.28), and (5.27), respectively,
overlap, the equations are nevertheless essentially correct, because as indicated in
Chapter 2, nearly every recombination of a He™ ion leads to emission of a photon
that can ionize He® or HY, and nearly every recombination of a Het ion leads to
emission of a photon that can ionize HC.
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Figure 5.17 )
Comparison between Zanstra temperatures determined from H I and He I recombination lines.

The observational data on the fluxes in HB, 14686, and 14471 are fairly complete
and fairly accurate for planetary nebulae. The measurements of the stellar continuum
fluxes are less accurate, because the stars are faint and must be observed on the bright
background of the nebula. The best measurements are those that avoid the wavelengths
of the nebular emission lines.

Figure 5.17 compares Zanstra temperatures obtained from straightforward appli-
cation of Equations (5.35) and (5.37). The He II Zanstra temperature often exceeds
the HI temperature. This is generally ascribed to the nebulae being partially transpar-
ent to hydrogen-ionizing radiation, in which case the He II temperature is the more
accurate value.

Another, related method of determining the temperature of the central star is
to measure directly all the cooling radiation. If the fluxes in all the emission lines
plus the continuum, from the ultraviolet to the infrared, are added together, this gives
directly the energy radiated by the nebula. Comparing this quantity with the flux in
a hydrogen recombination gives the energy radiated per recombination (through the
ratio oy /a;};f )—that is, the energy input to the nebula per photoionization.

® L
/ —La,h(v —1v,) dv
hv

total cooling  total heating  ap Vo
Yo

(5.40)

Y, dv
hy
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This can be viewed as the next higher moment of the radiation field measured by
the Zanstra method, and determines the effective temperature of the star, either in
the blackbody approximation, or from a series of model atmospheres. This method of
temperature determination is called the energy balance or Stoy’s method and, as obser-
vations into the ultraviolet and infrared spectral regions become more straightforward,
it will become increasingly useful. Note that if the continuum flux is not measured,
it can be estimated as the energy lost (in the Balmer, Paschen, etc., continua) by the
recombining electrons as outlined in Section 3.3.

5.11 Abundances of the Elements in Nebulae

It is clear that abundances of the observed ions in nebulae can be derived from
measurements of the relative strengths of their emission lines. All the individual
nebular lines are optically thin, so that no curve-of-growth effects of the kind that
complicate stellar atmosphere abundance determinations occur. Many light elements
are observable in the optical spectra of nebulae, including H, He, N, O, and Ne,
although unfortunately C is not. However, it can be observed in the satellite ultraviolet
spectral region. Collisionally excited lines can be quite bright, but their strengths
depend strongly on temperature, which complicates the determination of relative
abundances. Furthermore, all stages of ionization of an element are generally not
observable in the optical spectral region; for instance, though [O II] and [O IH] have
strong lines in diffuse nebulae, O.IV and O V do not. However, there is an [O IV]
line in the far infrared, and O IV] and O V lines in the satellite ultraviolet. Opening
up these new wavelength regions has greatly aided abundance determinations.

In general, as we have seen in Chapter 4, the observed intensity /; of an emission
line is given by the integral

Il = [ jldS =/nineel (T) ds (541)
taken along the line of sight through the nebula, where n; and n, are the density of
the ion responsible for the emission and the electron density, respectively.

For the recombination lines, the emission coefficients have been discussed in
Chapter 4, and we have, for instance,

1
Iap= - / npnehvugesy MO, T)ds,
1
Iysg76 = - / n(He+)nehVx5876a§];£76(H60, T)ds,

1
Tra686 = o / n(He++)nehVk4686“i££86(}le+’ T)ds.

For all the recombination lines, & o« T~ can be fitted over a limited range of
temperature, with m = 1. For instance, for HB, m = 0.90, while for He I L5876, m =
1.13. Thus the recombination-emission coefficients are not particularly temperature
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sensitive and the abundances derived from them do not depend strongly on the
assumed 7. But their intensities scale with the abundances, making recombination
lines of elements heavier than helium faint and hard to observe.

Less abundant ions, such as C II, O IV, and O V, have weak permitted emission
lines as observed in planetary nebulae, and these lines have often been interpreted as
resulting from recombination, and have been used to derive abundances of the parent
ions. However, some of these lines may be excited by resonance—fluorescence, and
their emission coefficients therefore depend not only on temperature and density but
on the local radiation field as well, so they cannot be used to derive abundances in any
straightforward way. Other lines, such as C 11 3 2D—4 2 F 14267, cannot be excited by
resonance—fluorescence, and are suitable for abundance determinations. Abundances
determined from collisionally excited and recombination lines should agree, but as
we shall see, there are several nebulae where they do not, and this is a current area of
active research.

It is also possible to measure relative abundances of He™ in H 11 regions from
relative strengths of the radio recombination lines of HI and He I. At the very high n
of interest in the radio region, both H and He are nearly identical one-electron systems
except for their masses, so that the relative strengths of their lines (separated by the
isotope effect) are directly proportional to their relative abundances as long as the
lines are optically thin, and the nebula is a complete H, He™ region, with no H,
He zone. - ) ’

For abundance determinations of elements other than H and He, strong collision-
ally excited lines are available, and for these lines, in contrast to the recombination
lines, the emission coefficient depends more sensitively on the temperature,

I,= 4i / ninhvgy o(T)b ds

T
—6
= % f ninehv8'63 x 1077 7(1, 2) exp(—x/kT)b ds

V2 o

in the low-density limit, where b is the fraction of excitations to level 2 that are
followed by emission of a photon in the line observed.

The temperature must be determined from observational data of the kind dis-
cussed in the beginning sections of this chapter. From the measured relative strengths
of the lines and the known emission coefficients, the. abundances can be determined
on the basis of a model of the structure of the nebula. The simplest model treats the
nebula as homogeneous with constant T and 7, and thus might be called a one-layer
model. From each observed relative line strength, the abundance of the ion that emits
it can be determined. In some cases two successive stages of ionization of the same
element are observed, such as Ot and O1™, and their relative abundances can be
used to construct an empirical ionization curve giving (A1) /n(A*™) as a func-
tion of ionization potential. Thus finally, the relative abundance of every element with
at least one observed line can be determined. Discrepancies (for instance, in n, and
T) determined from different line ratios indicate that this model is too simplified to
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give highly accurate results, though the abundances determined from it are generally
thought to be correct to within a factor of order two or three.

Previous sections have described several methods of determining the tempera-
ture, and the discussion has shown that temperatures determined from hydrogen re-
combination lines, the Balmer jump, and free—free brightness temperatures are lower
than the temperature determined from forbidden-line ratios. The probable explana-
tion of this discrepancy is that the temperature is not constant throughout the nebula
as has been tacitly assumed, but rather varies from point to point due to variations
in the local heating and cooling rates. Under this interpretation, a more complicated
comparison between observation and theory is necessary. An ideal method would be
to know the entire temperature structure of the nebula, to calculate from it the ex-
pected forbidden-line ratios and radio-frequency continuum brightness temperatures,
and then to compare them with observation; this is a model approach that will be
discussed in Section 5.12.

However, the general type of effects that are expected can easily be understood.
The forbidden-line ratios determine the temperature in the region in which these lines
themselves are emitted—that is, the [O III] ratio measures a mean temperature in
the Ot zone and the [N II] ratio measures the mean temperature weighted in a
different way. The emission coefficient for the forbidden lines increases strongly with
increasing temperature, and therefore the mean they measure is strongly weighted
toward high-temperature regions. On the other hand, the recombination and free—free
emission coefficients decrease with increasing temperature, and therefore the mean it
measures is weighted toward low-temperature regions. We thus expect a discrepancy
in the sense that the forbidden lines indicate a higher temperature than do the Balmer
jump or radio-frequency measurements, as is in fact confirmed by observation. It is
even possible to get some information about the range in variation of the temperature
along a line through the nebula from comparison of these various temperatures, but
as the result depends on the ionization distribution also, we shall not consider this
method in detail.

A somewhat more sophisticated scheme takes into account the spatial variations
of temperature along the line of sight and uses the observations themselves to get
as much information as possible on these variations. The emission coefficient is
expanded in a power series,

d d?
el(T) = &/(Tp) + (T — TO)( ?) + = ( T — Tp)? ((;;) . (5.42)

correct to the second order. It is clear that for recombination lines with
g(T)=CT™

or for collisionally excited lines with

D exp(—x/kT)

e)(T) = IV a—
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(in the low-density limit) the necessary derivatives can be worked out analytically.
Then, integrating along the line of sight,

/n,-nesl(T)ds:81(T0)/n,-neds

1 {d%
+ <de’) /nine(T — Ty)%ds
/niners

Ty=—F"—. (5.44)
/ n;n,ds

If all ions had the same space distribution #;(s), then from two line ratios, such as
[O II] (24959 + A5007) /244363 and [N II] (A6548 + 16583) /15755, both T, and

(5.43)

where T is chosen so that

/ ning (T — Ty)*ds

TO2 / n;n,ds

could be determined instead of the one constant T, from one line ratio, as in the
single-layer model. Then T and 2 could be used to determine the abundances of all
the ions with measured lines. The difficulty with this method is that all ions do not
have the same distribution; for instance, O*™ is more strongly concentrated to the
source of ionizing radiation than N, so other more or less arbitrary assumptions must
be made.

The most sophisticated method of all to determine the abundances from the
observations is to calculate a complete model of the nebula in an attempt to reproduce
all its observed properties; this approach will be discussed in the next section.

Turning now to the observational results, the He/H abundance ratio has been
measured in many nebulae. Perhaps the most exhaustively measured nebula is the
Orion Nebula, which has He I but not He II lines. Observations show that n(He+)/n
ranges from 0.060 to 0.090 in various positions, suggesting that varying amounts of.
He? are present. A measurement in its nearby companion nebula NGC 1982 gives
n(Het)/ n, = 0.009 and definitely shows that this slit position is in an H*, He® zone
where He i 1s neutral. The exciting star of NGC 1982 is a B1V star, so the fact that the
nebula is a He? zone is understood from Figure 2.5. This observation shows that some
correction of the abundance of He for the unobserved He? is probably necessary at
all the observed slit positions in the Orion Nebula.

Atomic helium produces no emission lines, so an ion of another element is used
as its proxy. Empirically, the correction can be based on the observed strength of [S 1]
AL6717, 6731, because their emitting ion S* has an ionization potential of 23.4 ¢V,

t* =




Comparison of Theory with Observations

approximately the same as the ionization potential of HeY, 24.6 eV, so that to a first
approximation

nHe%  n(sh)

n(He™) n(Sth)

yields the abundance of He®. Such ratios are often called “ionization correction
factors” (ICF), since they apply a correction for unobserved stages of ionization.
A more sophisticated procedure is to obtain the ICF by interpolation between the
jonization of ST and of O (ionization potential 35.1 eV) in such a way that the
corrections at all slit positions yield as nearly as possible the same final He/H ratio.
The final result for NGC 1976 is n(He) /n(H) ~ 0.10; two other H I regions observed
optically, M 8 and M 17, have essentially this same relative He abundance.

Radio measurements of Het/H* abundance ratios are available for many diffuse
nebulae. These determinations have the advantage that they can be done at great
distances within the galactic plane, where extinction is large in the optical, and they
are in good agreement with the optical measurement for nebulae common to both sets
of observations. At present, however, there is no known way in which the correction
for He® can be obtained from radio measurements alone, and the fact that at least
two nebulae, NGC 2024 and NGC 1982, are observed to have n(He™)/n p ~ 0 shows
that this correction certainly exists. Radio measurements of H II regions very near
the galactic center give quite low n(Het)/n p ratios, but it appears most likely that
they indicate that the ionizing stars are predominantly rather cool, producing Ht, He®
zones, rather than low helium abundance.

Both He I and He I recombination lines are observed in many planetary nebulae,
showing the presence of both He™* and He™, though some planetaries, like H II
regions, have only He I lines. Nearly all planetaries have central stars that are so hot
that they have no outer Ht, He? zones, though a few exceptions do exist. Thus no
correction is necessary for unobserved He? in most planetary nebulae.

Accurate measurements of He abundances of planetary nebulae show that most
have values only slightly above H I regions, with n(He) /n(H) ~ 0.11. However some
nebulae have abundances that are almost twice as large. Since the accuracy of the
measurements, as judged from the relative intensities of He I AA4471, 5876, is about
0.01, the differences between the nebulae are real. As will be discussed in Chapter 11,
the helium abundance can help distinguish between different populations of planetary
nebulae.

Most measurements of the abundances of the heavy elements in H Il regions and
planetary nebulae use a combination of collisionally excited forbidden lines and hy-
drogen recombination lines. Section 5.10 shows that the intensities of forbidden lines
relative to a recombination line depend mainly on the shape of the stellar continuum
[Equation (5.40)]. Physically, the gas will be hotter in lower-metallicty nebulae, to
compensate for the fewer number of coolants, and the result will be that the sum of the
collisionally excited lines, which represent the majority of the cooling, is constant.
Forbidden lines can only be converted into abundances if the electron temperature is
well measured, which requires detection of the faint 1s_ 1D transitions described in
Section 5.2. A second difficulty is that large and rather uncertain corrections may be
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Table 5.3
Abundances of the elements

N Atom Sun H IT Region Planetary
1 H 1 1 1

2 He 0.1 0.095 0.10
6 C 3.5x1074 3x10~4 8x 104
7 N 9.3x107° 7x1073 2x107*
8 0 74x1074 4x10™4 4x10~4
10 Ne 12x1074 6x107° 1x10~4
11 Na 2.1x1076 3x10~7 2x1076
12 Mg 3.8x1073 3x1076 2x1076
13 Al 2.9x1079 2x1077 3x10~7
14 Si 3.6x107° 4x107° 1x1073
16 S 1.6x10~5 1x1073 © 1x1075
17 Cl 1.9%x1077 1x1077 2x1077
18 Ar 4.0x1076 3x1076 3%x1079
19 K 1.3x1077 1x10°8 1x1077
20 Ca 23%x1076 2x1078 1x1078
26 Fe 32x107° 3x1076 ~ 5x1077

required for unseen ions—that is, ions without observable lines—unless co-spatial
ultraviolet, optical, and infrared measurements are available.

Table 5.3 summarizes the abundances of the more common elements for the sun,
NGC 1976, and the mean of a sample of planetary nebulae. These are only given
as indicators of typical values, and we shall see in Chapters 10 and 11 that there
is a dispersion in observed abundances. The abundances of a particular planetary
nebula are affected by nuclear processing in the central star, or the abundances
in an H II region reflect the composition of the interstellar medium in that part
of the galaxy. Also, as we shall see in Chapter 7, certain elements, especially Ca
and Al, have condensed onto grains and so are not included in the emission-line
abundances.

Large telescopes and efficient CCD detectors have made it possible to detect
faint recombination lines of the heavy elements in several H II regions and planetary
nebulae. Abundances measured with these should be far more robust than those
inferred from the bright forbidden lines, because both heavy-element and hydrogen
recombination lines have similar temperature dependencies, which then cancel in the
ratio. In particular, this method should not be affected by temperature fluctuations.
This advantage is mitigated by the fact that the lines are faint, and the recombination
process is complicated by strong dielectronic recombination contributions.

Among H I regions the recombination-line abundances tend to be slightly higher
than the forbidden-line abundances, which can be understood in terms of the tem-
perature fluctuations described in the first parts of this section. If this is the correct
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interpretation then the correct gas-phase abundances are about 50%-100% higher
than are given in Table 5.3 and 12 ~0.02-0.04.

Recent work on planetary nebulae has found differences between collisional and
recombination abundances that are larger than a factor of ten, too large to be caused by
temperature fluctuations. This suggests that another, presently unknown, process may
be affecting one (or both) of the abundance measures. The fact that the discrepancy
is not constant, but varies from object to object, shows that it is not a simple matter
of incorrect atomic data. One study finds a correlation between ¢> (measured from
the forbidden-line/Balmer-jump method) and the difference between the collisional
and recombination abundances, suggesting that the difference is related to physical
conditions within the nebulae. If this is the case then the higher recombination
abundances are more likely to be correct. Another study shows that, across the
planetary nebula NGC 6720, the recombination line abundances measured in low- and
high-ionization regions are quite different, while collisionally excited lines indicate
a consistent oxygen abundance. This suggests that an unknown process affects the
recombination lines in the higher-ionization gas. This is clearly an active research
area, with major consequences for galactic chemical evolution.

5.12 Calculations of the Structure of Model Nebulae

The basic idea of a calculation of a model H II region or a model planetary nebula is
quite straightforward. It is to make reasonable assumptions about the physical param-
eters of the ionizing star, the density distribution, and the relative abundances of the
elements in the nebula (its size, geometrical structure, and so on); to calculate, on the
basis of these assumptions, the resulting complete physical structure—the ionization,
temperature, and emission coefficients as functions of position; and thus to calculate
the expected emergent radiation from the nebula at each point in each emission line.
Comparing this predicted model with the observed properties of a nebula provides
a check as to whether the initial assumptions are consistent with the observations; if
they are not, then the assumptions must be varied until a match with the observational
data is obtained. In principle, if all the emission lines were accurately measured at
every point in the nebula, and if the central star’s radiation were measured at each
observable frequency, it might be possible to specify accurately all the properties of
the star and of the nebula in this way. Of course, in practice the observations are not
sufficiently complete and accurate, and do not have sufficiently high angular resolu-
tion to enable us to carry out this ambitious program, but nevertheless, quite important
information is derived from the model-nebula calculation.

Let us write down in simplified form the equations used in calculating the
structure of a model nebula. For computational reasons, practically all work to date
has assumed spherical model nebulae, and we shall write the equation in these terms.
The basic equations are described in Chapters 2 and 3, so we shall simply quote them
here. The basic equation of transfer is '

v _Zvp+g, (5.45)
h)
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where the increment in optical depth at any frequency is given by a sum

d
=Y nay (5.46)
N

over all atoms and ions with ionization potentials ~v; < hv. In practice, because of
their great abundance, H®, He®, and Het dominate the total opacity, although all ions
are included in the optical depth. Likewise, the emission coefficient j, is a sum of
terms of which those due to recombinations of H*, He™, and He'* are the most
important.

The ionization equation that applies between any two successive stages of ion-
ization of any ion is

R ArT ) ) ) ‘
n(x* / %}—‘iav(XJ”)dv =n(X)nac(XTH T) (5.47)
Vo ’

as in Equation (2.30), while the total number of ions in all stages of ionization is

max

> Xty =n(X)

i=0

The energy-equilibrium equation is
G:LR+LFF+LC ’ ’ (548)

as'in Equation (3.33), where the gain term and each of the loss terms is a sum
over the contributions of all ions, but again in practice usually only H and He are
important in- L g and L . Collisionally excited line radiation from the less abundant
heavy elements dominates the cooling, however, and many terms must be included
in Lc.

For any assumed radiation source at the origin, taken to be a star with either a
blackbody spectrum, or a spectrum calculated from a model stellar atmosphere, these
equations can be integrated. If the on-the-spot approximation described in Chapter 2
is used, they can be integrated outward. If, instead, the detailed expressions for the
emission coefficients are used and the diffuse radiation field is explicitly calculated,
it is necessary to use an iterative procedure. The on-the-spot approximation can be
used as a first approximation from which the ionization at each point in the nebula and
the resulting emission coefficients can be calculated. Then the diffuse radiation field
can be calculated working outward from the origin, and using the then more nearly
accurate total radiation field, the ionization and T can be recalculated at each point.
This process can be repeated as many times as needed until it converges to the desired
accuracy.

As an example, we shall examine a reconstruction of the geometry and physical
properties of the planetary nebula NGC 6565, a bright, compact object that appears as
a homogeneous oval ring when imaged in [O III], as shown in Figure 5.18. A long slit
was placed across the nebula to obtain spatially resolved spectra at a resolving power



Comparison of Theory with Observations

[om

1"

Figure 5.18
HST images of NGC 6565 in [O IT] (left) and [N II] (right). The vertical bar indicates 1”.

of 60,000. This was done at a series of position angles to measure the expansion
velocity and distribution of ions across the nebula. As is typical of planetary nebulae,
a wide range of ionization ([N I] through [Ar V]) and expansion velocity (70 km s71
through ~17 km s~1) was seen.

The ionization structure and nebular properties were deduced by combining
the spatially resolved spectroscopy with photoionization models. The gas density
was deduced from the surface brightness in Ha, which is proportional to n.n,L,
where L is the physical thickness. The density distribution was found to be radially
asymmetric, with a peak ~3” away from the star, but with greater emission on the side
of the peak towards the central star. The gas filling factor, deduced from the physical
arguments presented above, was ~0.25. The gas temperature as a function of radius
was determined, for several ions, by the methods described in Section 5.2. The central
star temperature was deduced to be between 1.2 x 10° K and 1.6 x 103 K from the
Zanstra method.

The ionization and thermal structure of the nebula was reproduced with a pho-
toionization model, which included the effects of embedded dust and used the de-
duced density profile. It was adjusted to reproduce the observed spatial distribution
of ionization of the elements, surface brightnesses of several lines, and the measured
temperature. A blackbody at ~1.2 x 105K, witha luminosity of 100 L /> Was deduced,
along with the chemical composition of the gas, and the three-dimensional geometry
of the nebula. The composition was typical of planetary nebulae. Figure 5.19 shows
the three-dimensional reconstructed geometry.

Photoionization models have also been created to fit observations of H I regions.
As we shall see in Chapter 10, an H II region is an illuminated layer of ionized gas
on the surface of a much larger molecular cloud. As an example we will consider
a model of inner regions of NGC 1976. The H I region is treated as a hydrostatic
layer with the gas in overall pressure equilibrium. An ionizing continuum predicted
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Figure 5.19

The three-dimensional reconstructed geometry of NGC 6565. Each pair of images should be
viewed with the left and right eye to see the deduced three-dimensional structure.

by stellar atmospheres was assumed, and a temperature of ~39,600 K was deduced.
Grains, and their effects on the extinction of the stellar continuum, the heating of the
gas by photoionization, and the observed grain thermal emission, were included in
the calculation. The deduced composition was similar to that given in Table 5.3.

An old but very good overall reference on the comparison of theory and observation of the
optical radiation of nebulae, written in the context of planetary nebulae, but applicable in many
ways to H II regions also, is

Seaton, M. J. 1960, Rep Progress in Phys, 23, 313.




Comparison of Theory with Observations

The method of measuring electron temperatures from optical emission-line intensity ratios
seems to have been first suggested by

Menzel, D. H,, Aller, L. H., & Hebb, M. H. 1941, Ap], 93, 230.
This method has subsequently been used by many authors.

The observational data used in Figure 5.2 are from
Garnett, D. R., Shields, G. A., Skillman, E. D., Sagan, S. P., & Dufour, R. J. 1997, ApJ,
489, 63 (NGC 2403).
Kennicutt, R. C., Bresolin, F., & Garnett, D. R. 2003, ApJ, 591, 801 (M101).
Osterbrock, D. E., Tran, H. D., & Veilleux, S. 1992, ApJ, 389, 305 (Orion).
Esteban, C., Peimbert, M., Torres-Peimbert, S., & Escalante, V. 1998, MNRAS, 295, 401
(Orion).

The observational data used in Figure 5.3 are from
Kwitter, K. B., & Henry, R. B. C. 2001, ApJ, 562, 804 (filled circles).
Milingo, J. B., Henry, R. B. C., & Kwitter, K. B. 2002, ApJS, 138, 285 (filled circles).
Kingsurgh, R. L., & Barlow, M. J. 1994, MNRAS, 271, 257 (open circles).

The C IIT] A1909/C TI 14267 ratio method is described by

Kaler, J. B. 1986, ApJ, 308, 337.
The curves in Figure 5.4 were computed by combining collision strengths from the Chapter 3
with recombination rate coefficients from the following references:

Davey, A. R., Storey, P. J., & Kisielius, R. 2000, A&A, 142, 85.

Kisielius, R., & Storey, P. J. 1999, A&AS, 137, 157.

Storey, P. J. 1994, A&A, 282, 999.
The observational data for the optical continuum temperature determinations of Figure 5.6 are
from

Liu, X.-w., & Danziger, J. 1993, MNRAS, 262, 256, and papers cited therein.
The radio-continuum method of measuring the temperature of a nebula by observing it in the

optically thick region has been discussed and used by many authors. The numerical data on
which Table 5.1 is based are from

Subrahmanyan, R., & Goss, W. M. 1996, MNRAS, 281, 239.
Subrahmanyan, R., & Goss, W. M. 1995, MNRAS, 275, 755.
Subrahmanyan, R. 1992, MNRAS, 254, 719.
Shaver, P. A. 1970, Ap. Letters, 5,167.
The first paper is a good review of excitation processes that determine the populations of the

hyperfine structure levels of H I, and gives references to the atomic data. The second paper
applies the radio/UV line method to the Orion environment.

Liszt, H. 2001, A&A, 371, 698.

van der Werf, P. P., & Goss, W. M. 1989, A&A, 224, 209.
The idea of using the [O II] intensity ratio to measure electron densities in nebulae seems to
have been first suggested by
Aller, L. H., Ufford, C. W., & Van Vleck, J. H. 1949, ApJ, 109, 42.
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It was worked out quantitatively by

Seaton, M. J. 1954, Ann. d’Ap, 17, 74.
A complete discussion, including theoretical calculations and observational data on several of
the H II regions used in Table 5.6, is found in

Seaton, M. J., & Osterbrock, D. E. 1957, AplJ, 125, 66.
For many years a discrepancy existed between the calculated transition probabilities for the
np ions like [O II] and [S IT] on which nebular electron-density determinations depend, and
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Zeippen, C.J. 1982, MNRAS, 198, 111.
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Kingburgh, R. L., & English, J. 1992, MNRAS, 259, 635. -
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Osterbrock, D. E., & Flather, E. 1959, ApJ, 129, 26 (NGC 1976).
Meaburn, J. 1969, Astron. Space Science, 3, 600 (M 8).
Danks, A. C. 1970, A&A, 9, 175 [SI].
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Esteban, C., Peimbert, M., Torres-Peimbert, S., Garcia-Rojas, J., & Rodriguez, M. 1999,
ApJS, 120, 113 (M 8).
A very good reference to the simultaneous determination of temperature and density by
comparison of optical and infrared emission line strengths is
Dinerstein, H. L., Lester, D. E, & Werner, M. W. 1985, ApJ, 291, 561.
The data shown in Figure 5.12 are taken from this reference.
Comparison of radio-recombination-line measurements with calculated strengths and the de-
termination of T, n, and E have been investigated by many authors, beginning with
Goldberg, L. 1966, ApJ, 144, 1225. -
Mezger, P. G., & Hoglund, B. 1967, ApJ, 147, 490.
Dyson, J. E. 1967, ApJ, 150, L45.
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Shaver, P. A., McGee, R. X., Newton, L. M., Danks, A. C., & Pottasch, S. R. 1983,
MNRAS, 204, 53.

Figure 5.14 uses data from the last of these references.
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Zanstra, H. 1931, Pub. Dominion Astrophys. Obs, 4, 209.
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A recent paper on the [O II] collision strengths, which resolves a controversy over their scaling
for members of the multiplet, is Kisielius, Storey, Ferland & Keenan, 2009, MNRAS, 397,
903. This paper confirms the statistical weight scaling adopted by Seaton & Osterbrock (1957,

ApJ, 125, 66).

6

Internal Dynamics
of Gaseous Nebulae

6.1 Introduction

The first five chapters of this book have described gaseous nebulae entirely from
a static point of view. However, this description is not complete, because nebulae
certainly have internal motions, and the effects of these motions on their structures
cannot be ignored. It is easy to see that an ionized nebula cannot be in static equilib-
rium, for if it is matter-bounded, it will expand into the surrounding vacuum, while
if it is ionization-bounded, the hot ionized gas (with T ~ 10,000 K) will initially
have a higher pressure than the surrounding cooler neutral gas (T = 100 K) and
will therefore tend to expand until its density is low enough so that the pressures
of the two gases are in equilibrium. In addition, when the hot star in a nebula forms
and the source of the ionizing radiation is thus “turned on”, the ionized volume ini-
tially grows in size at a rate fixed by the rate of emission of ionizing photons, and an
ionization front separating the ionized and neutral regions propagates into the neu-
tral gas.

Observations agree in showing that the internal velocities of nebulae are not ev-
erywhere zero. Measured radial velocities show that planetary nebulae are expanding
more or less radially; mean expansion velocities are of order 25 km s, and the ve-
locity gradient is positive outward. Many H II regions are observed to have complex
internal velocity distributions that can best be described as turbulent.

This chapter will therefore concentrate on the internal dynamics of nebulae. First
it considers the hydrodynamic equations of motion that are applicable to nebulae. This
discussion leads to a study of ionization fronts and of shock fronts that are generated
in an expanding, predominantly photoionized, nebula. Then the available theoretical
results for planetary nebulae and H I regions are analyzed. Finally, a brief synopsis of
the available observational material is given, and it will be seen that more theoretical
work is necessary before the observations can be fully understood, but that progress
has been made in understanding some of the complications present in nature.






