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Photoionization Equilibrium

2.1 Introduction

Emission nebulae result from the photoionization of a diffuse gas cloud by ultraviolet
photons from a hot “exciting” star or from a cluster of exciting stars. The ionization
equilibrium at each point in the nebula is fixed by the balance between photoion-
izations and recombinations of electrons with the ions. Since hydrogen is the most
abundant element, we can get a first idealized approximation to the structure of a
nebula by considering a pure H cloud surrounding a single hot star. The ionization
equilibrium equation is:

() [ Ty ) Oy = n () / "y, () dv = n(H®) T'(H
w hv vo 2.1)

=nn, oe(HO, T)[cm_3 s

where J,, is the mean intensity of radiation (in energy units per unit area, per unit time,
per unit solid angle, per unit frequency interval) at the point. Thus ¢, =47 J,,/ hv is
the number of incident photons per unit area, per unit time, per unit frequency interval,
and a, (H°) is the ionization cross section for H by photons with energy hv (above

_ the threshold %vy); the integral [denoted by I'(H®)] therefore represents the number
of photoionizations per H atom per unit time. The neutral atom, electron, and proton
densities per unit volume are n(HO), n,, and n P and oz(HO,T) is the recombination
coefficient; so the right-hand side of the equation gives the number of recombinations
per unit volume per unit time.

To a first approximation, the mean intensity J, [see Appendix 1 for definitions
of it and other observed (or measured) quantities connected with radiation] is simply
the radiation emitted by the star reduced by the inverse-square effect of geometrical
dilution. Thus

R? L
An ], = r—anv(O) = F;z[erg em2s ' Hz 1, (2.2)
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where R is the radius of the star, 7 F,(0) is the flux at the surface of the star, r is the
distance from the star to the point in question, and L, is the luminosity of the star per
unit frequency interval.

At a typical point in a nebula, the ultraviolet radiation field is so intense that the
H is almost completely ionized. Consider, for example, a point in an H II region,
with density 10 H atoms and ions per cm?, 5 pc from a central O7.5 star with T}, =
39,700 K. We will examine the numerical values of all the other variables later, but
for the moment, we can adopt the following very rough values:

[o,0]

L

O HO :f h—”dv ~ 1 x 10* [photons s~J;
Yo 4

a,(H% ~ 6 x 10718 [em?];

CAnd, oo 8 111,
/V ™~ a,H)dv~1x10 =T, [s7;

0

a(H, T) ~ 4 x 10713 [cm® s

where 7, is the lifetime of the atom before photoionization. Substituting these
values and taking ¢ as the fraction of neutral H, that is, n, =n, = (1 — &)n(H) and
n(H% = én(H), where n(H) = 10 cm ™ is the density of H, we find & ~ 4 x 1074
that is, H is very nearly completely ionized.

On the other hand, a finite source of ultraviolet photons cannot ionize an infinite
volume, and therefore, if the star is in a sufficiently large gas cloud, there must be
an outer edge to the ionized material. The thickness of this transition zone between
ionized and neutral gas, since it is due to absorption, is approximately one mean free
path of an ionizing photon {I ~ [n (H?) av]—l cm}. Using the same parameters as
before, and taking & = 0.5, we find the thickness

1
d~——— =~ 0.1pc,
n(H%a,

or much smaller than the radius of the ionized nebula. Thus we have the picture of
a nearly completely ionized “Stromgren sphere” or H II region, separated by a thin
transition region from an outer neutral gas cloud or H I region. In the rest of this
chapter we will explore this ionization structure in detail.

First we will examine the photoionization cross section and the recombination
coefficients for H, and then use this information to calculate the structure of hypo-
thetical pure H regions. Next we will consider the photoionization cross section and
recombination coefficients for He, the second most abundant element, and then cal-
culate more realistic models of H II regions, that take both H and He into account.
Finally, we will extend our analysis to other, less abundant heavy elements; these
often do not strongly affect the ionization structure of the nebula, but are always quite
important in the thermal balance to be discussed in the next chapter.
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2.2 Photoionization and Recombination of Hydrogen

Figure 2.1 is an energy-level diagram of H; the levels are marked with their quantum
numbers 7 (principal quantum number) and L (angular momentum quantum number),
and with S, P, D, F, .. .standing for L =0, 1, 2, 3, . . . in the conventional notation.
Permitted transitions (which, for one-electron systems, must satisfy the selection
rule AL =+ 1) are marked by solid lines in the figure. The transition probabilities
AL, n'L") of these lines are of order 10% to 108 s, and the corresponding mean
lifetimes of the excited levels,

1

(2.3)
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Figure 2.1

Partial energy-level diagram of HI, limited to n <7 and L < G. Permitted radiative transitions
to levels n < 4 are indicated by solid lines.
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are therefore of order 107 to 1078 s. The only exception is the 2 25 level, from
which there are no allowed one-photon downward transitions, However, the transition
2 25 — 1 %S does occur with the emission of two photons, and the probability
of this process is A(2 2S, 1 25) = 8.23 s\, corresponding to a mean lifetime for
the 2 2S level of 0.12 s. Even this lifetime is quite short compared with the mean
lifetime of an H atom against photoionization, which has been estimated previously
as T,y ~ 108 s for the 1 2S level, and is of the same order of magnitude for the
excited levels. Thus, to a very good approximation, we may consider that very nearly
all the HO is in the 1 2S level, that photoionization from this level is balanced by
recombination to all levels, and that recombination to any excited level is followed
very quickly by radiative transitions downward, leading ultimately to the ground level.
This basic approximation greatly simplifies calculations of physical conditions in
gaseous nebulae.

The photoionization cross section for the 1 25 level of HY, or, in general, of a
hydrogenic ion with nuclear charge Z, may be written in the form

4 -1
4—|((4tan""¢) /e
a, (Z) =20 (H) exp {4 — [( ) /e]} [em®forv=>v, (24)
Z2 \ v 1—exp (—2m/¢)
where
Pn (1 2 18
Ag= — | —— ) ma; =6.30 x 10 cm?],
07 3p4 (137.0) 0 [em’]

e= /1 -1,
V1
(with & denoting the base of the natural logarithm, not the electron charge), and
hv, = Z%hvy = 13.6Z% eV
is the threshold energy. This cross section is plotted in Figure 2.2, which shows

that it drops off rapidly with energy, approximately as =3 not too far above the
threshold, which, for H, is at v, = 3.29 x 10 s~ or A, =912 A, so that the higher-

-energy photons, on the average, penetrate further into neutral gas before they are

absorbed.

The electrons produced by photoionization have an initial distribution of en-
ergies that depends on J,a,/hv. However, the cross section for elastic scattering
collisions between electrons is quite large, of order 47 (e2/mu®)? ~ 1013 cm?, and
these collisions tend to set up a Maxwell-Boltzmann energy distribution. The recom-
bination cross section, and all the other cross sections involved in the nebulae, are so
much smaller that, to a very good approximation, the electron-distribution function
is Maxwellian, and therefore all collisional processes occur at rates fixed by the local
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Figure 2.2
Photoionization absorption cross sections of H, He?, and He'.

temperature defined by this Maxwellian. Therefore, the recombination coefficient of
a specified term 7 2L may be written

a, 2, (H?, T) = / uo, 2, (H, u) £(u) du [em3 s7'] (2.5)
0
where
fw) = 4 (ﬂ)w u? exp(—mu? /2kT) (2.65
7T \2kT

is the Maxwell-Boltzmann distribution function for the electrons, and o, L(HO, u) is
the recombination cross section to the term n 2L in H? for electrons with velocity u.
These cross sections vary approximately as ™2, and the recombination coefficients,
which are proportional to uo, therefore vary approximately as T~Y/2. A selection of
numerical values of «, 2 is given in Table 2.1. Since the mean electron velocities at
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Table 2.1

Recombination coefficients (in cm® s™1) ,, 2L for H

5,000 K 10,000 K 20,000 K
oy 2g 2,28 x 10713 1.58 x 10713 1.08 x 10713
o 2g 3.37 x 10714 234 x 14714 160 x 10714
0y 2 po 8.33 x 1014 535x 10714 3.24 x 10714
g2 L13x 10714 7.81x 1071 529 x 10713
a3 2po 3.17 x 10714 2.04 x 10714 1.23 x 10714
a32p 3.43 x 10714 173 x 10714 9.49 x 1071
0y 2g 523 1071 3.59 x 1071 2.40 x 10713
ay 2po 151 x 10714 9.66 x 1071 5.81x 1471
042p 1.90 x 101 1.08 x 10714 5.68 x 10713
20 1.09 x 10~ 5.54 x 1071 2.56 x 10713
oty 25 4,33 x 10716 2.84 x 10716 1.80 x 10716
Uig26 2.02 x 10713 9.28 x 10716 3.91 x 10716
oo 2 2.7 x 10717 1.0 x 107" 4.0 x 10718
oy 6.82 x 10713 4.18 x 10713 2.51x 10713
ap 4,54 x 10~13 2.59 x 10713 1.43 x 10~13

the temperatures listed are of order 5 x 107 cm s"l, it can be seen that the recom-
bination cross sections are of order 10720 cm? or 102! ¢cm?, much smaller than the
geometrical cross section of an H atom.

In the nebular approximation discussed previously, recombination to any
level n 2L quickly leads through downward radiative transitions to 1 2S, and
the total recombination coefficient is the sum over captures to all levels, ordinarily
written

oy = Z a, 2, (H, T) [em® s71]

n,L
n—1
=3 o H, T) 2.7)
n L=0
=) o, T)
n

where «,, is thus the recombination coefficient to all the levels with principal quantum
number n. Numerical values of « 4 are also listed in Table 2.1. A typical recombination
time is 7, = 1/n, a4 ~ 3 x 10'2/n, s ~ 103/n, yr, and deviations from ionization
equilibrium are ordinarily damped out in times of this order of magnitude.
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2.3 Photoionization of a Pure Hydrogen Nebula

— ; Consider the simple idealized problem of a single star that is a source of ionizing
photons in a homogeneous static cloud of H. Only radiation with frequency v > v,
is effective in the photoionization of H from the ground level, and the ionization
equilibrium equation at each point can be written

(o0}
n(H% / 4’;:“% dv = n e, H, THem ™3 s, 2.8)
Vo .

The equation of transfer for radiation with v > v, can be written in the form

Mo 1,1, + j, 2.9)
ds

where I, is the specific intensity of radiation and j, is the local emission coefficient (in
energy units per unit volume, per unit time, per unit solid angle, per unit frequency)
for ionizing radiation.

It is convenient to divide the radiation field into two parts, a “stellar” part,
resulting directly from the input radiation from the star, and a “diffuse” part, resulting
from the emission of the ionized gas:

I,=1,,+ 1, (2.10)
com- The stellar radiation decreases outward because of geometrical dilution and
n the absorption, and since its only source is the star, it can be written

any . R2 —
and ~ U dyg = Fyy (1) = Fyy (B) 2P0 erg om=2 1Y, 2.11)
arily ‘
where 7 F, (r) is the standard astronomical notation for the flux of stellar radiation
(per unit area, per unit time, per unit frequency interval) at r, 7 F,,(R) is the flux at
the radius of the star R, and 7, is the radial optical depth at r,
-
T, (r) = / n®°, ') a,dr’, (2.12)
.7) 0
which can also be written in terms of 7, the optical depth at the threshold:
a
T, () =7 (1)
ay,
ntum The equation of transfer for the diffuse radiation I ,; is
ation
ation dl,;

= —nHa, 1, + j, 2.13)

ds
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and for kT <« hv, the only source of ionizing radiation is recaptures of electrons from
the continuum to the ground 12 level. The emission coefficient for this radiation is
ergem 3 s Hz Lerl,
, 2hy? h?
Jv (1) = (

3/2 :
e W) ayexp [—h (v —vo) /kT | npn, (v >v,) (2.14)

which is strongly peaked to v = v, the threshold. The total number of photons gener-
ated by recombinations to the ground level is given by the recombination coefficient

o0 s
4ar / h]—idv =n,n, 0y(H’, T)em 3571, (2.15)
” :

and since o) = oy < &y, the diffuse field J,,; is smaller than J,; on the average, and
may be calculated by an iterative procedure. For an optically thin nebula, a good first
approximation is to take J,,; &~ 0.

On the other hand, for an optically thick nebula, a good first approximation is
based on the fact that no ionizing photons can escape, so that every diffuse radiation-
field photon generated in such a nebula is absorbed elsewhere in the nebula:

4n/£dvz4n/n(H°)MdV, (2.16)
hv hy

where the integration is over the entire volume of the nebula. The so-called “on-the-
spot” approximation amounts to assuming that a similar relation holds locally:

Jv

Joa = () @, .17
This, of course, automatically satisfies (2.16), and would be exact if all photons were
absorbed very close to the point at which they are generated (“on the spot”). This is
not a bad approximation because the diffuse radiation-field photons have v ~ v, and
therefore have large «, and correspondingly small mean free paths before absorption.
Making this on-the-spot approximation and using (2.11) and (2.15), we find that

the ionization Equation (2.8) becomes

n(HYR?
2

% 7 F (R ,
/ ”h”( ) a, exp(—1,) dv = n g0 HO, T) (2.18)
) v

0

’
where

ag°, T) = a,(H°, T) — ay(HC, T)
o0
_ 0
=Y o, , T)
2

The physical meaning is that in optically thick nebulae, the ionizations caused by
stellar radiation-field photons are balanced by recombinations to excited levels of
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Table 2.2
Calculated ionization distributions for model H II regions

T, =374 x 10°K

T,=4x10*K Model stellar
Blackbody Model atmosphere
np n(H%) ny n(HO)
r (pc) S A e S — _—
np + n(H®) np + n(HO) np +n(HO) np + n(H%
0.1 1.0 4.5 %1077 1.0 ‘ 4.5 % 1077
1.2 1.0 2.8x 1077 1.0 2.9 x 1073
22 0.9999 L0 x 107 0.9999 1.0 x 1074
3.3 0.9997 2.5x% 1074 0.9997 2.5x 1074
4.4 0.9995 4.4 x 1074 0.9994 4.5x 1074
5.5 0.9992 8.0 x 107 0.9992 8.1x 1074
6.7 0.9985 1.5 x 1073 0.9985 1.5 x 1073
77 0.9973 2.7 x 1073 0.9973 2.7x 1073
8.8 0.9921 7.9 x 1073 0.9924 7.6 x 1073
94 0.977 2.3 % 1072 0.979 2.1x 1072
9.7 0.935 6.5% 1072 0.940 6.0 x 1072
9.9 0.838 1.6 x 1071 0.842 1.6 x 107!
10.0 0.000 1.0 0.000 1.0

H, while recombinations to the ground level generate ionizing photons that are
absorbed elsewhere in the nebula but have no net effect on the overall ionization
balance.

For any stellar input spectrum 7 F,(R), the integral on the left-hand side of (2.18)
can be tabulated as a known function of z,, since a,, and t, are known functions of v.
Thus, for any assumed density distribution,

ng(r) =n’, r) +n,(r)

and temperature distribution 7' (r), equations (2.18) and (2.12) can be integrated
outward to find n(H®, r) and n p(r) =n,(r). Two calculated models for homogeneous
nebulae with constant density n(H) = 10 H atoms plus ions cm™ and constant
temperature 7 = 7,500 K are listed in Table 2.2 and graphed in Figure 2.3. For
one of these ionization models, the assumed 7 F,(R) is a blackbody spectrum with
T, = 40,000 K, chosen to represent approximately an O7.5 main-sequence star, while
for the other, the 7w F,,(R) is a computed model stellar atmosphere with T, = 37,450 K.
The table and graph clearly show the expected nearly complete ionization out to a
critical radius ry, at which the ionization drops off abruptly to nearly zero. The central
ionized zone is often referred to as an “H IT region” (“H* region” would be a better
name), and it is surrounded by an outer neutral H region, often referred to as an “H [
region”.
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Tonization structure of two homogeneous pure-H model H II regions.

The radius 4 can be found from (2.18), substituting from (2.12),

dTu 0
— =nH")a
o H") a,

and integrating over r:

sz Zr—"(—)dvfo d [—exp(—1,)] =/0 nyneopr’ dr
Vo

hv
o0
v hv

0

Using the result that the ionization is nearly complete [n, =n, ~ n(H)] within rq,
and nearly zero (n, = n, ~ 0) outside ry, this becomes

0 F o0
4nR2f wTE—"dv:/ -Iﬂdv
Vo v,

hy hv
© (2.19)
4

=QMH"% = —3—r13n%1a3.

Here 47 R?>n F,,(R) = L, is the luminosity of the star at frequency v (in energy units
per time per unit frequency interval), and the physical meaning of (2.19) is that the
total number of ionizing photons emitted by the star just balances the total number
of recombinations to excited levels within the ionized volume 47 r13, often called the
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1—-‘ : Table 2.3
Calculated Stromgren radii as function of spectral types spheres
§ log n,n pr13 ry (pe)
_ Spectral log QH®  log Q(He” nincm™3 ne=n,
~ type T, (K) My, (photons/s) (photons/s) rqin pc = fem™3
N o3v 51,200 —5.78 49.87 49.18 6.26 122
04V 48,700 —5.55 49.70 48.99 6.09 107
. 045V 47,400 —5.44 49.61 48.90 6.00 100
: o5V 46,100 —5.33 49.53 48.81 5.92 94
| 055V 44,800 —~5.22 49.43 48.72 5.82 87
‘ o6V 43,600 -5.11 49.34 48.61 5.73 81
065V 42,300 —4.99 49.23 48.49 5.62 75
10 ‘ o7V 41,000 —4.88 49.12 48.34 5.51 69
075V 39,700 —4.77 49.00 48.16 5.39 63
o8V 38,400 —4.66 48.87 47.92 5.26 57
085V 37,200 —4.55 48.72 47.63 5.11 51
09V 35,900 —4.43 48.56 47.25 4.95 45
095V 34,600 —4.32 48.38 46.77 477 39
BOV 33,300 —4.21 48.16 46.23 4.55 33
BO.5V 32,000 —4.10 47.90 45.69 4.29 27
O311 50,960 —6.09 49.99 49.30 6.38 134
BO.STOI 30,200 —5.31 48.27 45.86 4.66 36
0O31a 50,700 —6.4 50.11 49.41 6.50 147
09.51a 31,200 —6.5 49.17 47.17 - 5.56 71

Note: T = 7,500 K assumed for calculating ap.

Stromgren sphere. Numerical values of radii calculated by using the model stellar
atmospheres discussed in Chapter 5 are given in Table 2.3.

in . 2.4 Photoionization of a Nebula Containing Hydrogen and Helium
The next most abundant element after H is He, whose relative abundance (by number)
is of order 10 percent, and a much better approximation to the ionization structure
of an actual nebula is provided by taking both these elements into account. The
(2.19) ionization potential of He is Avy = 24.6 eV, somewhat higher than H; the ionization
potential of He™ is 54.4 eV, but since even the hottest O stars emit practically no
photons with kv > 54.4 eV, second ionization of He does not occur in ordinary H IT
regions. (The situation is quite different in planetary nebulae, as we shall see later

7 units in this chapter.) Thus photons with energy 13.6 eV < hv < 24.6 eV can ionize H
\at the only, but photons with energy Av > 24.6 eV can ionize both H and He. As a result,
imber two different types of ionization structure are possible, depending on the spectrum

ed the of ionizing radiation and the abundance of He. At one extreme, if the spectrum is
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concentrated to frequencies just above 13.6 eV and contains only a few photons with
hv > 24.6 eV, then the photons with energy 13.6 eV < hv < 24.6 eV keep the H
ionized, and the photons with v > 24.6 eV are all absorbed by He. The ionization
structure thus consists of a small central H, Het zone surrounded by a larger HT,
He? region. At the other extreme, if the input spectrum contains a large fraction of
photons with v > 24.6 eV, then these photons dominate the ionization of both H and
He, the outer boundaries of both ionized zones coincide, and there is a single H™,
He™ region.

The He® photoionization cross section a,,(He) is plotted in Figure 2.2, along
with a,(H®) and a,(He™1) calculated from Equation (2.4). The total recombination
coefficients for He to configurations L > 2 are, to a good approximation, the same as
for H, since these levels are hydrogen-like, but because He is a two-electron system,
it has separate singlet and triplet levels and

1
a, 1, (He®, T) ~ 2o L(HO, T)

3 L>2 (2.20)
a, 3, (He?, T) ~ 2% 2, (HO, T)

For the P and particularly the S terms there are sizeable differences between the He
and H recombination coefficients. Representative numerical values of the recombi-
nation coefficients are included in Table 2.4.

The ionization equations for H and He are coupled by the radiation field with
hv > 24.6eV, and are straightforward to write down in the on-the-spot approximation,

Table 2.4
Recombination coefficients (in cm® s™1) for He

T
5,000 K 10,000 K 20,000 K
a(Hel, 119) 2.17x 10713 1.54 x 10713 1.10 x 10713
a(Hel, 2 1) 7.62 x 1015 555 x 1071 4.07 x 10715
a(He?, 2 1 P%) 1.97 x 10714 1.26 x 1014 7.57 x 10713
a(He?, 3 1) 220 x 1071 1.62 x 10715 1.19 x 10715
a(Hel, 3 1p2) 7.87 x 10715 5.01 x 10715 2.99 x 10715
a(He, 3 1D) 7.53 x 10713 431x 10715 2.26 x 10713
ag(He®, Y n'L) 1.09 x 10713 6.23 x 1071 3.46 x 10714
a(He?, 235) 1.97 x 10~ 1.49 x 10~14 1.16 x 1014
a(He?, 23 P) 8.52 x 10714 5.60 x 10714 3.52 x 10714
a(He?, 335) 478 x 1071 3.72x 1071 2.96 x 10715
a(He, 33D) 2.95x 1071 1.95 x 1014 1.23 x 1071
“ap(He®, Y n3L) 3.57 x 10713 2.10 x 10713 1.21x 10713
o (He®) 4.66 x 10713 2.72 x 10713 1.56 x 10713
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though complicated in detail. First, the photons emitted in recombinations to the
ground level of He can ionize either H or He, since these photons are emitted with
energies just above hv, = 24.6 eV. The fraction absorbed by H is

B n(H°) a, H)
() a,,(HY) + n(He") a,,(He?),

y 221

and the remaining fraction, 1 — y, is absorbed by He. Second, following recombina-
tion to excited levels of He, various photons are emitted that ionize H. Of the recom-
binations to excited levels of He, approximately three-fourth are to the triplet levels
and approximately one-fourth are to the singlet levels. All the captures to triplets lead
ultimately through downward radiative transitions to 2 S, which is highly metastable,
but which can decay by a one photon forbidden line at 19.8 eV to 1 1S, with transition
probability A(238, 118) = 1.26 x 10~ 5™, Competing with this mode of depopula-
tion of 2 35, collisional excitation to the singlet levels 2 IS and 2 1 P? can also occur
with fairly high probability, while collisional transitions to 1 LS or to the continuum are
less probable. Since the collisions leading to the singlet levels involve a spin change,
only electrons are effective in causing these excitations, and the transition rate per
atom in the 2 3S level is

(o 0]
n,q(238,2'L)=n, / uo (238, 2L, u) fw)du (2.22)

12—
Fmuc=x

where the o (2 3, 2 1L) are the electron collision cross sections for these excitation
processes, and the x are their energy thresholds. These rate coefficients are listed in
Table 2.5, along with the critical electron density 7,(2 3S), defined by

AQ23S,119)

n.(238) =
275) q(238,218) +q238,21pP0)

(2.23)

Table 2.5
Collisional rate coefficients (in cm?3 sfl) from He®(235)

T(K) q(238,218) g23s,21po) n,®
6,000 1.95 x 1078 2.34 x 1070 6.2 x 103
8,000 245 x 1078 3.64 x 107° 4.6 x 10°

10,000 2.60 x 10~8 5.92 x 107° 3.9 x 10°
15,000 3.05 x 1078 7.83 x 1072 3.3 x 103
20,000 2.55 % 1078 9.23 x 107 3.3 x 103
25,000 2.68 x 1078 9.81x 107 3.4 x 103

3

a. Critical density in cm™.
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at which collisional transitions are equally probable with radiative transitions. In
typical H II regions, the electron density n, < 10? cm™3, is considerably smaller than
f., so practically all the atoms leave 2 >S by emission of a 19.8 eV-line photon. In
contrast, in typical bright planetary nebulae, n, ~ 10* cm—3, somewhat larger than
n,, and therefore many of the atoms are transferred to 2 1§ or 2 ! P? before emitting
a line photon. From the ratio of excitation rates, it can be seen that, for instance, at 7'
=10* K, a fraction 0.83 of the transitions lead to 2 'S, and 0.17 to 2 1 P°. If the less
probable collisional deexciting collisions to 1 1S are also included, these fractions
become 0.78 and 0.16, respectively. '

Of the captures to the singlet-excited levels in He, approximately two-thirds lead
ultimately to population of 2 1 P?, while approximately one-third lead to population
of 21S. Atoms in 2 1 P? decay mostly to 1 1S with emission of a resonance-line photon
at 21.2 eV, but some also decay to 2 1S (with emission of 2 1S — 2 1P? at 2.06 pum)
with a relative probability of approximately 1073, The resonance-line photons are
scattered by He®, and therefore, after approximately 10° scatterings, a typical photon
would, on the average, be converted to a 2.06-.4m line photon and thus populate 2 1S,
However, it is more likely that before a resonance-line photon is scattered this many
times, it will photoionize an H atom and be absorbed. He atoms in 2 1S decay by
two-photon emission (with the sum of the energies 20.6 eV and transition probability
51.3 571 to 1 1S. From the distribution of photons in this continuous spectrum, the
probability that a photon is produced that can ionize H is 0.56 per radiative decay
from He? 2 1.

All these He bound-bound transitions produce photons that ionize H but not
He, and they can easily be included in the H ionization equation in the on-the-spot
approximation. The total number of recombinations to excited levels of He per unit
volume per unit time is n(He™)n, op (He?, T), and of these a fraction p generate
ionizing photons that are absorbed on the spot. As shown by the preceding discussion,
in the low-density limit n, < n,

3 172 1
~3+ 212401 056 =096,
Py 4[3 3 ( )}

but in the high-density limit #, > n,,

3 11 3
P~ [Z 0.78) + 1 5] (0.56) + [Z(0.16) +

L E] — 0.66.
4 3

Thus, in the on-the-spot approximation, the ionization equations become

n(H% R? /00 T F,(R)

= a,(H°) exp(—1,) dv + yn(He Myn, o (He’, T)

o v (2.24)
+ pn(He™) nyap(He’, T) = n n,agHC, T);
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0 2 00
n(Hez) : / TEy (R, HP) exp(—1,)dv + (1= y) n(He oS, T)
r v h (2.25

)
=n(HeMn, o (He, T),

with
% =n(H%a,H’) for V<V <y
and
% =nH% a,H®) + nHe®) a,(He) for vy <, (2.26)
and

ne =n, + n(He")

These equations again can be integrated outward step-by-step, and sample models
for a diffuse nebula [with n(H) = 10 cm™3, n(He)/n(H) = 0.15] excited by stars with
T, = 40,000 K and 30,000 K, respectively, are plotted in Figure 2.4. It can be seen
that the hotter star excites a coincident H, He™ zone, while the cooler star has an
inner H*, He* zone and an outer H', He® zone.

Although the exact size of the He™ zone can be found only from the integration
because of the coupling between the H and He ionization by the radiation with v > v,,
the approximate size can easily be found by ignoring the absorption by H in the He™
zone. This corresponds to setting y = 0 in Equation (2.25) and n(H®) = 0 in the second
of Equations (2.26), and we then immediately find, in analogy to Equation (2.19),
that

*L, oy_ 47 3 + 0
Ed‘} = Q(He") = ?rz n(He™) n,ag(He"), 2.27)

V2

where 7, is the radius of the He™ zone. Furthermore, since according to the preced-
ing discussions, p = 1, the absorptions by He do not greatly reduce the number of
photons available for ionizing H; therefore, to a fair approximation,

/ %du =QMH"% = %’Erfn(ﬁﬂneag(ﬂo). (2.19)
v

Yo
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Figure 2.4
Tonization structure of two homogeneous HT He model H II regions.

If we suppose that the He™ zone is much smaller than the H* zone, then through-
out most of the HY zone the electrons come only from ionization of H, but in
the Het zone, the electrons come from ionization of both H and He. With this
simplification,

AN 0 0
rny _ QW) npe (| e | @p(He)

=l if ro <19, 2.28
) T 0ED) ny \ g ) apme) 12T (228)
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Figure 2.5
Relative radius of He™ zone as a function of effective temperature of exciting star.

A plot of ry/ry, calculated according to this equation for n(He)/n (H) = 0.15 and
T =7,500K, is shown in Figure 2.5, and it can be seen that, for T, > 40,000 K, the He*
and H' zones are coincident, while at significantly lower temperatures, the Het zone
is much smaller. The details of the curve, including the precise effective temperature
at which ry/r| = 1, are not significant, because of the simplifications made, but the
general trends it indicates are correct. For a smaller relative helium abundance, for
instance n(He)/n(H) = 0.10 instead of 0.15, r,/r is larger by approximately 16% at
corresponding values of T, up to ro/ry, = 1. "

'2.5 Photoionization of Het to Het ™"

Although ordinary O stars of Population I do not radiate any appreciable number of
photons with zv > 54.4 eV (hence galactic H Il regions do not have a He™ zone), the
situation is quite different for the central stars of planetary nebulae. Many of these stars
are much hotter than even the hottest O3 stars, and do radiate high-energy photons
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that produce central He™ zones, which are observed by the He II recombination
spectra they emit.

The structure of these central He™™ zones is governed by equations that are
very similar to those for pure H* zones discussed previously, with the threshold,
absorption cross section, and recombination coefficient changed from H (Zz=1)
to Het (Z = 2). This He™™ zone is, of course, also an H* zone, and the ionization
equations of H and He™* are therefore, in principle, coupled—but in practice they can
be fairly well separated. The coupling results from the fact that, in the recombination
of Het™ to form He, photons are emitted that ionize H®, Three different mechanisms
are involved, namely: recombinations that populate 2 2P?, resulting in He IT Lo
emission with v = 40.8 eV; recombinations that populate 1 23, resulting in He 1T
225 — 1 25 two-photon emission for which Ay’ + hv” = 40.8 eV (the spectrum
peaks at 20.4 eV, and, on the average, 1.42 ionizing photons are emitted per decay);
and recombinations directly to 2 %S and to 2 2 P?, resulting in He I Balmer-continuum
emission, which has the same threshold as the Lyman limit of H and therefore emits a
continuous spectrum concentrated just above zvy. The He Il Le photons are scattered
by resonance scattering, and therefore diffuse only slowly away from their point
of origin before they are absorbed, while the He II Balmer-continuum photons are
concentrated close to the HC ionization threshold and therefore have a short mean
free path. Both these sources tend to ionize HC in the Het™ zone, and at a “normal”
abundance of He, the number of ionizing photons generated in the He™™ zone by
these two processes is nearly sufficient to balance the recombinations of H™ in this
zone and thus to maintain the ionization of HC. This is shown in Table 2.6, which
lists the ionizing photon generation rates relative to the recombination rates for two
temperatures. Thus, to a good approximation, the He II Lo and Balmer-continuum
photons are absorbed by and maintain the ionization of HY in the He* zone, but the
stellar radiation with 13.6 eV < hv < 54.4 eV is not significantly absorbed by the
HO in the Hett, H' zone, and that with ~v > 54.4 eV is absorbed only by the He™.
The He IT two-photon continuum is an additional source of ionizing photons for H;
most of these photons escape from the Het* zone and therefore must be added to the
stellar radiation field with Av > 54.4 eV in the He™ zone. Of course, a more accurate
calculation may be made, taking into account the detailed frequency dependence of

Table 2.6
Generation of H ionizing photons in the He™ zone

Number generated

per H recombination T =10,000 K 20,000 K
n(Hett)g(HetLa)/n(H)az(HO) 0.64 0.66
n(Hett)g(Het 2 photon)/n(H)a g (HO) 0.36 0.42
n(Het g Het Ba ¢)/n(HNap(H) 0.20 0.25

NOTE: Numerical values are calculated assuming that n(He™)/n(H) = 0.15.
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ation each of the emission processes, but since normally the helium abundance is small,
only an approximation to its effects is usually required.

it are Some sample calculations of the ionization structure of a model planetary nebula,

hold, . with the radiation source a blackbody at T, = 10° K are shown in Figure 2.6. The

=1 ) sharp outer edge of the Het™ zone, as well as the even sharper outer edges of the

ation H™ and He™ zones, can be seen in these graphs. There is, of course, an equation

y can that is exactly analogous to (2.19) and (2.27) for the “Stromgren radius” r3 of the

ation He™™ zone:

1isms oo [ Ax ‘

ILe , 0 (He™) = f —Ldy = —rinHet") n,ap (Het, T) (2.29)

He 1T I 4, v 3

;trum 5 . N

cay); Thus stellar temperatures 7, > 10° K are required for r3/r; ~ 1.

uum

EEZS 2.6 Further Iterations of the Ionization Structure

point . . S

s are As des<?r1be.d prev1ous'ly, Fhe pn—the—spot aPpr0x1mat1Qn may be regarded as the first

mean approxungtlop to{ the. ionization and, as will be described in Chgpter 3, to thg tém-

‘mal” peraturfa distribution in the nebula. From these a first approximation to the.: emission

e by coefficient j, may be found. throughout the model: from jv. a ﬁr.st appromAma.tlon' to

1 this I,; and hence J, at each point, and from J, a better approximation to the ionization

vhich : . and temperature at each point. This iteration procedure can be repeated as many times
‘ as desired (given sufficient computing time) and actually converges quite rapidly, but

E:Xrg except wh.ere high accuracy is 1'equireq, the first (on-the-spot) appr‘oxi.mat.ion is usu-
ot the ally sufﬁment. ‘The hlgl}er .al.)prox1mat10ns show that the degree of ionization nearest
y the ; the star is s0 high that ionizing photons emitted there are not really absorbed on the
He™. spot. There is thus a net flow of these photons from the center to the outer regions.
or H: However, the ionization calculated from the on-the-spot approximation is reasonably
; ‘ close to the final exact result.
to the
urate
ice of

2.7 Photoionization of Heavy Elements

Finally, let us examine the ionization of the heavy elements, of which O, C, Ne, N,
Si, and Fe, with abundances (by number) of order 1073 to 10~ that of H, are the
most abundant. The ionization—equilibrium equation for any two successive stages of
ionization i and i + 1 of any element X may be written

n(X* / Ty (X = n (T ()
v hv (2.30)

=n(X T naq(xt, 1),

- ‘ ; where n(X*%) and n(Xt*1) are the number densities of the two successive stages of
ionization; @, (X**) is the photoionization cross section from the ground level of X*
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with the threshold v;; and a (X, T') is the recombination coefficient of the ground
level of X+ +! to all levels of X+, These equations, together with the total number
of ions of all stages of ionization,

n (XO) +n (X+1) +n (X+2> 4+ tn (X+") =n (X)

(presumably known from the abundance of X), completely determine the ionization
equilibrium at each point. The mean intensity J,,, of course, includes both the stellar
and diffuse contributions, but the abundances of the heavy elements are so small that
their contributions to the diffuse field are negligible, and only the emission by H, He,
and He™ mentioned previously needs to be taken into account.

The heavy elements do not usually make an appreciable contribution to the optical
depth, but in some situations they can, particularly at frequencies just below the He®
threshold. They can always be included by simple generalizations of Equations (2.26),

X,i

and

%ﬁ =n(H"a,(H) + n(He")a, (He)
r

+ Z n(X a,(XTfor vy < v
X.i

In both these equations all stages of ionization of all heavy elements that have
thresholds below the frequency for which the optical depth is being calculated are
included in the sums over X and i.

Many ions of the heavy elements have one or more shells of electrons below the
outer valence shell. Electrons within any shell can be removed when the source of
ionizing radiation extends to high enough energies. The vacancies left by removal
of inner electrons can be filled by outer electrons, producing emission lines at very
high energies, or by the Auger effect, a multi-electron process where some electrons
cascade down to fill the inner vacancy while others are ejected from the atom. Both
processes are important contributors to the X-ray spectrum, and detailed discussion
is presented in a later chapter, since here we are mainly concerned with nebulae
photoionized by starlight.

The photoionization cross section of a particular shell behaves somewhat like the
hydrogen and helium cross sections described above. The largest values are ~10~18—
1017 ¢cm? and often occur near the threshold, tending to decrease with increasing
energy. Unlike H and He, there can also be many strong resonance features produced
by interactions between various electrons.
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Table 2.7
Recombination coefficients (in cm? s~1) for H-like ions

T
1,250 K 2,500 K 5,000 K 10,000 K 20,000 K

o0

ap=Y 0o, 174x107? 1L10x1072 682x10713 418x 10" 251x 10713
1
s .

ag=3 a, 128x10712 772x10783 454x 1071 259x 10713 143 x 10713
2
o0

ac=Y 0o, 1L03x107? 599%x 1073 337x10713 187x10713 9.50x 10~
3
(o8]

ap=3a, 865x107B 486x10712 264 x107183 137x10713 6.83x 10714
4

NOTE: In this table Z = 1; for other values of Z, «(Z, T) = Zu(l, T/Zz).

The recombination coefficients for complex ions may be divided into radiative
and dielectronic parts,

ag(XH, T) = ap(Xt, T) +a,xt, T). (2.32)

The radiative part represents simple bound—free recaptures. Just as in H and He, cap-
tures to any level are followed by downward radiative transitions, leading ultimately
to the ground level. Thus the radiative recombination coefficient is a sum over all
levels, and is dominated by the excited levels, which to a good approximation are
hydrogen-like (Table 2.7 gives these).

In the best calculations, the deviations due to departures of the energy levels from
the exact hydrogen-like energies must be taken into account. The recombinations to
the terms resulting from recaptures of an electron to the innermost unfilled shell, for
instance,

ottt 2p?3P) + ks
O++(2p?3P) + kd
Ot*+@2p23P) + ks
O++(2p23P) +kd
ot @p?3P) + ks
O++(2p23P) +kd

— 0t 2p*45%) + h,
— 0T 2p*%D% + hv

— 0T (2p325%) + hv,

are strongly affected by the presence of the other bound electrons, through the Pauli
principle, and are far from hydrogen-like. These recombination coefficients can be
found from the computed photoionization cross sections, using the Milne relation as
explained in Appendix 2.
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The additional dielectronic part of the recombination coefficient is larger than the
radiative part for many, but not all, heavy ions at nebular temperatures. It results from
resonances (at specific energies) in the total recombination cross sections, which are
related to resonances (at related specific frequencies) in the corresponding photoion-
ization cross section. Physically, these occur at energies at which the incoming free
electron can give up nearly all its kinetic energy to exciting a bound level of the ion,
thus creating a short-lived doubly excited level of the next lower stage of ionization.
This level can then often decay to a singly excited bound level, and then by further
successive radiative transitions downward to the ground level.

An example is the recombination of C* to form C™. A free electron with kinetic
energy 0.41 eV colliding with a C** ion in the ground 2s2 1S level makes up a five-
electron system with the same total energy as a CT ion in the 252 p3d 2 F term. There
is thus a strong resonance centered at this energy, representing the high probability
of collisional excitation of one of the bound 2s electrons to 2p together with cap-
ture of the free electron into the 3d shell. This term can then emit a photon decaying
with non-zero transition probability to 252 p? 2D, a bound term, which decays ulti-
mately to the ground 2s%2p 2P, /2 level. This dielectronic transition process may be
written

2
CH2s? 1) + kf — C* [2s2p(3P0)3d] Fo

}

Ct(@2s2p*2D) + hv
}

ct2s%2p 2P + hv

This is actually the main recombination process for C** at nebular temperatures.
Note that spin, orbital angular momentum, and parity must all be conserved in the
first radiationless transition; for this reason, only free f (I = 3) electrons are involved
in this specific dielectronic recombination process.

In addition, there is a third contribution, the integrated effect of many higher-
energy resonances, which is ordinarily small at nebular temperatures. It can have a
non-zero effect, and should be included in the most accurate calculations.

Selected calculated values of (X, T) are listed in Appendix 5 in Tables A5.1
(for ions present in nebulae) and A5.2 (for ions present in X-ray sources such
as AGN). The temperature dependence is not simple, because the resonance ef-
fects introduce an exponential behavior, so the values are given at three repre-
sentative temperatures. Dielectronic recombination is more important in some
situations, but radiative recombination is more important at others. For most but
not all of these ions the importance of dielectronic recombination grows with in-
creasing temperature. Both recombination processes must be taken into account in
all calculations.

Calculations have been made of the ionization of heavy elements in many model
H II regions and planetary nebulae. In H II regions, the common elements, such
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as O" and N*, tend to be mostly singly ionized in the outer parts of the nebulae,
although near the central stars there are often fairly large amounts of O™+, N**, and
Net+. Most planetary nebulae have hotter central stars, and the degree of ionization
is correspondingly higher. This is shown in Figure 2.6, where the ionization of O is
plotted for a calculated model planetary nebula. Note that in this figure the outer edge
of the He™ zone is also the outer edge of the O zone and the inner edge of the
O** zone, since O has an ionization potential 54.9 eV, nearly the same as He™.

Again, in actual nebulae, density condensations play an important role in compli-
cating the ionization structure; these simplified models do, however, give an overall
picture of the ionization.

One other atomic process is important in determining the ionization equilibrium
of particular light elements, especially near the outer boundaries of radiation-bounded*
nebulae. This process is charge exchange in two-body reactions with hydrogen. As
an example, consider neutral oxygen, which has the charge-exchange reaction with a
proton

0°2p*3P) + HY - 0T(2p**5%) + HO(15% 5). (2.33)

This reaction converts an originally neutral O atom into an O™ ion, and thus is an
ionization process for O. There is an attractive polarization force between O° and
H; in addition, the ionization potentials of O and H are very nearly the same, so that
the reaction is very nearly a resonance process. For both of these reasons the cross
section for this charge-exchange reaction is relatively large. The reaction rate per unit
volume per unit time for the reaction can be written

non,8(T) [em3s71], (2.34)

where §(T) is expressed in terms of the reaction cross section o (1) by an integral
analogous to Equation (2.5),

§(T) = /OOO uou)fu)du. (2.35)

Here it should be noted that f(u) is the Maxwell-Boltzmann distribution function
for the relative velocity u in the OH™ center-of-mass system, and thus involves their
reduced mass.

A selection of computed values of §(7") for many ions is given in Tables A5.3
and A5.4. We concentrate on O because of its importance. For instance, in an H TI
region with n, =10 cm™3, the ionization rate per O atom per unit time is about
10~8 s~1, comparable with the photoionization rate for the typical conditions adopted
in Section 2.1. Likewise, the rate for the inverse reaction

ot(*s) + H'(2s) — 0°%¢Gp) + H (2.36)
can be written

(O HRMEYS (T).
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Numerical values of §'(T'), which of course is related to 8 (T') through an integral form
of the Milne relation

/

% _ % exp(AE/KT) 2.37)

where AE =0.0196 ¢V is the difference in the ionization potentials of 0Y and HY,
are given for O and several other ions in Table A5.4. Comparison of Table A5.4 with
Table AS.1 shows that charge exchange has a rate comparable with recombination in
converting O to O° at the typical H II region conditions, but at the outer edge of the
nebula, charge exchange dominates because of the higher density of HC. At the higher
radiation densities that occur in planetary nebulae, charge exchange is not important
in the ionization balance of O except near the outer edge of the ionized region. The
charge-exchange reactions do not appreciably affect the ionization equilibrium of H,
because of the low O and O densities.

At temperatures that are high compared with the difference in ionization poten-
tials between O° and H, the charge-exchange reactions (2.33) and (2.36) tend to
set up an equilibrium in which the ratio of species depends only on the statistical
weights, since §'/8 — 9/8. It can be seen from Tables A5.3 and A5.4 that this situa-
tion is closely realized at 7 = 10,000 K. Thus in a nebula, wherever charge-exchange
processes dominate the ionization balance of O, its degree of ionization is locked to
that of H by the equation

n(0%  9nH"
n(O+t) 8 n

(2.38)
14

Thus high densities of OY and free electrons exist together only in the edges or transi-
tion zone of the ionized region, as shown in Figure 2.6. Dense neutral condensations
within planetary nebulae therefore show strong [OI] emission, as seen in Figure 2.7.

Another type of charge-exchange reaction that can be important in the ionization
balance of heavy ions is exemplified by

0225%2p?3P) + H(1s 25) — Ot (2s2p* *P) + HT (2.39)

Note that the O is left in an excited state. This reaction is strongly exothermic, with
an energy difference AE = 6.7 eV. In addition, there are almost no Ot (2s2p* 4P)
ions (with excitation energy 14.9 eV) present in the nebula. Hence the inverse reaction,
which has this threshold, essentially does not proceed at all at nebular temperatures.
Reaction (2.39) and some others like it, have large cross sections because it is a two-
body process for which the strong Coulomb repulsion of the products speeds up the
process. For the general reaction

X+i—}—HO—>X+(i_D+H+, (2.40)

the rate per unit volume per unit time may be written

n(XtHn@E"8 (T),
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Figure 2.7

Monochromatic images of the planetary nebula NGC 6853 in the light of He + [N 1] (left)
and in the light of [O I] 26300 (right). Note that, in contrast with He, the [O I] emission
is strongly concentrated to many bright spots, which are high-density neutral condensations
(surrounded by partly ionized edges in which both O° and free electrons are present). (George
Jacoby/WIYN/NSF)
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